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Galois Theory

This paragraph gives an expositioh Galois theory. Given any field
extensiore/K, we associate intermediate fielmfs£E/K with subgroups of

a group, called the Galois group of the extension. Mgusstions about
the intermediate fieldtructure of the extension can be thus reduced to
related questions about the subgroup structure of the Gatmip. Our
exposition closely follows the treatment of |I. Kaplansky.

If E/K is a field extension, thebis a field and also K-vector space. It
will be very fruitful to studyboth the field and the vector space
structure oft at the same timd=or this reason, we consider mappings
which preserve both of these structures.

LetE be a field. Let us recall that a field automorphisiof E is a one
to-one ring homomorphism fronE onto E. Equivalently, a field
automorphism oE is an automorphism of treelditive group K,+) which
is also a ringsomorphism oft. Clearly the identity mapping oB is a
field automorphism o, so the set ddill field automorphisms df is not
empty. Besides, if andyp are any two field automorphism&E, thengy
and ¢! are automorphisms dhe additive group E+) which are ring
isomorphisms fronk ontoE as well (Lemma 30.16); thusy ande™ are
field automorphisms d&. Therefore the set of all fielmutomorphisms of
E is a subgroupf the group of all automorphisms of the additive group
(E,+). The group of allfield automorphisms of will be denoted by
AUt(E). Thus we use the same notation the group of additive group
automorphisms o and the group dfield automorphisms oE. This is
not likely to cause confusion. Anyhovwut(E) will play a minor role in
the sequel.

AUTt(E) is the collection of mappings froBrontoE thatpreserve the field
structureof E. From these field automorphisms, we select the mappings
that preserve the vector space structure EofWe introducesome
terminology.
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54.1 Definition: Let E/K andF/K be field extensions. A mappirgE —
F is called aK-homomorphisnif ¢ is both a field homomorphisiand a
K-vector space homomorphism.kKAhomomorphisny: E — F is called a
K-isomorphismif ¢ is one-to-one and onte A K-isomorphism fromE
onto E is called aK-automorphism of EThe setof all K-automorphisms
of E will ‘be denoted byAut E or by G(E/K).

If ¢: E — F is a K-homomorphism, then (J» = 1. (seethe remarks
follow-ing Definition 48.9) sincey is afield homomorphism and, for any
k € K, there holdse = (k1) = k(1)e = k1. = Kk sincee is aK-linear
transforma-tion. Thukp = k for all k € K. Conversely, itp: E — F is aK-
homomorph-ism such thap = k for all k € K, then(key = ky-ep = k(ep)
for all k € K ande € E, and thusg is a K-linear transformation, too.
Therefore a field homomorphism E — F is a K-homomorphism if and
only if ¢ fixes every element df.

54.2 Lemma:lLet /K be a field extension and I8t E be the set of
all K-automorphisms of E over. Khen AULE is a group

Proof: We havezr € AutE < Aut(E) and Aut(E) is a group.Since the
composition two vector space isomorphisms and alsoitiverse of a
vector space isomorphism akector space isomorphisms (Theorem
41.10),Aut E is closed undezomposition and forming of inverses. Thus
Aut E is a subgroup oAut(E). O

54.3 Definition: LetE/K be a field extension. The grodut E = G(E/K)
is called th&Galois group of E over K

54 . 4Examples: (a) Let E be any field and leR be the prime subfield
of E. Any field automorphism of E fixes 1 € E. This implies that fixes
each element iR. Thereforeany field automorphism of is aP-auto
morphism ofe andAut(E) = Aut,(E).
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(b) The familiar complex conjugation mapping ¢ bi — a - bi, where
a,b € R) is anR-automorphism of..

(c) The mapping: @(\E) — (ED(\/E) that maps + b\/z toa - b\/E (where
a,b € ) is alD)-automorphism 0@(\/5).

(d) Let K be a field andk an indeterminate ove. Then K(X) is an
extension field oK. If a ¢ K", thenax is transcendental ové&r and, by
Theorem 49.10, themapping o K(X) — K(X) given by f(x)/g(x) —
f(ax)/g(ax) is a fieldautomorphism oK(X). It is easy to see thaf is in
facta K-automorphism oK(x). Likewise, for anyb ¢ K, the mapping,:
K(X) — K(X) given by f(xX)/g(x) — f(x + b)/g(x + b) is a K-automorphism of
K(X). Asxo 1, = (@31, =a(x+b) z ax+b = (X+b)o_ =x1
b= 0, we see thaaut K(X) is a nonabelian group.

b4 unlessa z# 1 or

We find Aut K(X). In the following,y andz are two additional distinct

indeterminates ove«.

Let u be an arbitrarnglement inK(xX)\K, sayu = p(x)/q(x), where p(x)
andq(x) are relatively prime polynomiais K[x] and g(x) # 0. We claim
that u is transcendental ovét and K(x) is finite dimensional (hence
algebraic) oveK(u).

We prove the first claim, viz. that is transcendental ov&r If u were
algebraic ovekK, thenu would have a minimal polynomial
H(Y) =y +c, V< + - ey +c, € Ky
overK. Then, fromH(u) = O, we would get
(PCA/A0Y)* + ¢, (POY/A(Y) <+ -+ + ¢, (pV/Q(X)) +¢, = O,
P(Y* + ¢, ,POY () + -+ + ¢ pIACY T+ c (9" = O,
a()IpPEY* in K[x] and (p(x),q(x)) ~ 1,
q(x) is a unit inNK[X], soq(x) € K,
u=p)/q(x) € K[x],
H(u) = uX+ ck_luk'1+ -+ + U+, is a polynomial of degrele(deg [x)),
contrary toH(u) = 0. Thusau is transcendental ov&r

Secondly, we prove th&t(x):K(u)| is finite. Nowu = p(x)/q(x). Letus put
p) =ax"+a_ X"+ +ax+a, ) =b x"+b X"+ ... +bx+h,
with a_= Oz b_. We note thax is a root of the polynomial
F(y) = b, wy™+ (b, ,u)y™+ - + (bu)y + by,
-1
_anyn_an—l T T YT &g
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in K(u)[y]. Thusx is algebraic ovelK(u). We see moreover thdegF(y) =
max(mn) = max (deg [x),deg dx)), becausd u-a = O asu ¢ K. We
will show thatF(y) is irreducible oveK(u). This will imply cF(y) is the
minimal polynomial ofx over K(u), where 1¢ is the leading coefficient
of F(y), and soK(xX):K(u)l = deg cRy) = deg Ry) = max (deg x),deg
a(3)).

Now the irreducibility ofF(y) overK(u). Sinceu is transcendentalver K,
the substitution homomorphism— u is in fact a fieldisomorphism
from K(2) ontoK(u) € K(xX) (Theorem 49.10). SK(u) = K(z) and Theorem
33.8 giveK(u)[y] = K(2[y]- ThenF(y) € K(u)[y] is irreducible inK(u)[y] if
and only ifits image F(22 € K(2[y] is irreducible in K(z)[y]. From
Theorem 34.5(3) and Lemma 34.11, we conclbe@e is irreducible in
K(2[y] if and only ifF(2) = q(y)z - p(y) is irreducible inK[Z[y] = K[y][Z].
But F(2) = q(y)z - p(y) is certainly irreducible iK[y][z] sinceq(y)z - p(Y)
is of degree onén K[y][z] and its coefficientxy(y), -p(y) are relatively
prime inK[y] (for p(xX) andq(x) are relatively prime iK[x]).

Thus we getk(X):K(u)l = max(deg fgx),deg qx)) for anyu = p(x)/q(x) in
K()\K, wherep(x) andq(x) are relativelyprime polynomials irK[x] and
aqx) = 0.

Now lety € Aut K(X) andxpe =u. Write u = p(x)/q(x) as above. Since
utK

K(u) =K(xp) ={f(xp)/g(xp): f.g € K[X], g # 0}

={f()e/9(xX)e: f.g € K[x], g = O}

= {(fC)/9())e: f.g € K[X], g = 0}

= (K)o =K(X) = K,
we haveu € K(X)\K and

1 =|K(X):K(X)| =IK(X):K(u)l = max(deg gx),deg (x))

yieldsp(x) = ax+ b, q(X) =cx+d for somea,b,c,d € K. Heread - bc = O for
ad - bc = 0 implies the contradictiom= p(x)/q(X) = (ax+ b)/(cx+d) € K.

Thus every automorphism ut K(x) is a substitution homomorphism

that sends to (ax+ b)/(cx + d) for somea,b,c,d € K satisfyingad - bc z
0. Conversely, ib is a substitution homomorphism of this type, wiph-
(ax+b)/(cx+d),ab,cd € K, ad- bcz 0, then éx+ b)/(cx+d) =: u is not
in K, sou is transcendental ové&randog is a field homomorphism from
K(x) onto K(u). Sincead - bc # 0, both ofa and c cannot be 0O, so
IK(X):K(u)l = max(deg ax+ b,degcx + d) = 1 andK(u) = K(X). Henceyp is a
field homomorphism fronK(x) ontoK(x). As ¢ fixes all elements K, we
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infer thate is in Aut K(X). ThereforeAut K(X) consists exactly of the

substitution homomorphisms— (ax+ b)/(cx+ d), wherea,b,c,d € K and
ad- bczO0.

The next lemmas a generalization of the familiar fact that the complex
conjugate of any root of a polynomiaith real coefficients is also a root
of the same polynomial. In the terminology of 826,E/K is a field
extensionAut E actson the set of distinct roots of a polynomidk)
overk.

54.5 Lemma:Let EZK be a field extension andxj € K[x]. If u € E is a
root of {x), then for any¢ € Aut E; the elementip of E is also a root of
f(X).

Proof: If f(x) = i ax', thenf(u) = Oimplies 0 = @ = (f(u))e = (i a.u')p
i=0 i=0

= i (ap)(u'p) = i a.(up)' = f(up). Thusug is a root off(x). )
i=0 i=0

LetE/K be a finite dimensional extension and assume ta{... a_ }

is a K-basis of E. Then any K-automorphism ofE is completely

determined by its effect on the basilements, for ifp andy are K-
automorphisms of anda¢ =awp fori = 1,2,...,m, then, forany a € E

which we write in the formi ka,we haveap = (i klai)cp = i kpae
i=0 i=0 i=0

= i k(a,p) = S k(ay) = _Z) kyay = (2) ka )y = ayp. For this reason,

i=0 i=
we will describe th&k-automorphisms o by describing themages of
the basis elements. Thus the conjugatimapping will be denoted by
i — -i, the mapping of Example 54.4(c) & — —\/E, etc.

In particular, ifE/K is a simple extension aradis a primitive element,
then {1a,a% ...,a"} is aK-basis of =K(a), wheren is the degree of the

minimal polynomial ofa overK (Theorem 50.7)Let ¢ € Aut E. Sincea'y
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= (acp)i for anyi = 0,1,2,...,n - 1, the mappingp is completely deter
mined by its effect oa. Nowag is a rootin K(a) of the minimal polyne
mial of a over K. Thus.IAutKEI < r, wherer is thenumber of distinct
roots inK(a) of the minimal polynomial ofa over K. We proved the
following lemma. |

54.6 Lemma:Let K be a fieldlf a is algebraic over K with the minimal
polynomial f over Kand if r is the number of distinct roots of fK(a)
then|Aut K@)l < r < deg f=|K(a):Kl|. O

3
54.7 Examples:(a) Let \/5 be the positive real cube root &f Thus
3 . 3 3 3 i
@(\E) c R. we find Aut@@(\/z). If ¢ € Aut@@(\/z), then\E@ € R is a
3
root of the minimal polynomiat® - 2 of\/z over (). Since the roots of>
3 3 3
- 2 other tharn2 are complex,\E@ must be\/z. Thus ¢ must be the
3 3
identity mapping or@(\E) andAut@@(\/E) =1.

(b) C = R(i)_ and the minimal polynomial ofoverR is x? + 1, which has
two roots in C. Thus |Aut,C| < 2. Since the identity mapping and
conjugation mapping ar®-automorphisms of’, |Aut,C| = 2 andwe

getAut,C = C,. LikewiseAut@@(\/E) = C,.

(c) Wefind Aut,©(V2/3). We haveD(213) = O(/2)(V3). Here {1)/2)
is a0-basis ofD(\2) and {1)N3} is aQ(\/2)-basis of@(\2)(\3) (because
x2 - 3 is irreducible ove®(\2)), hencepy Theorem 48.13, {1236}
is a Q-basis of@(\/z,\/i_’»). Now anye € Aut@@(\/z,\/:_%) mapS\/E to\2 or

to V2 and\/3 to\y3 or to-\/3 and there are four possibilities tor

(a+b\2+c\3+d6)p, =a+by2+c\3+ a6
(a+byV2+c\3+dV6)p, =a+ b2 - c\/3 - V6
(a+b\2+c\3+d6)p, =a- b2 +c\3- a6
(a+byV2+c\3+dV6)p, =a- b2 - c\/3 +dV6

(abcd € Q). It is easy to see thate, ¢, are indeedl-automorph
isms of @(\/5,\/5) {o) thatAut@@(\/E,\/:_%) = {9,0,950,}. Here ¢, is the
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identity mapping or@(\/z,\/g) andcpicpj = ¢, when {j K = {1,2,3}. Thus
AutDN2\3) = C, X C, =V,

We now proceed to establish the correspondéeteeen intermediate
fields of an extensio&/K and subgroups @tut E.

54.8 Lemma:Let E/K be a field extension and put=GAut, E.

(1) If L is an intermediate field of A, then
L"={p € Gle=Iforalll € L}
iIs a subgroup of G

(2) If H is a subgroup of Ghen
H ={a € E ap =a for all p € H}
is an intermediate field of /K.

Proof: (1) Clearly;. € L", soL"z@. If op € L7, thenl(ey) = (p)p =lyp =1
for alll € L, sopyp € L™ andlp =1 gives!| =l¢™ for all | € L, so ot e L.
ThusL” is a subgroup oAut E. (In factL” = Aut E.)

(2) Since any € H” < Aut E fixes the elements df, we haveK c H". If
a,b € H", thenap =a andby =b for all ¢ € H, so

(a+b)p=ap +bp =a+b, a+be H/
(b)e =-(bp) =-b, -b e H/
(ab)p = ayp-bp = ab, abe H/

(1/b)e = 1bp = 1b (providedbz O) 1b ¢ H".
SoH’ is a subfield o and thereforél” is an intermediate field &/K. O

For example, in the notation of Example 54.7(c), we have

OW2V3) = 1< 6=AuR0N2V3)

ON2) = {0, O(3) = {005, 0(6) = {00,
0 =G

and 1" = @(\/E,\/i_%)

{0} = 0(2), (o, 05} = OO3), {o,0,) = QW6),
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If E/K is a field extension ardl << AutKE, thenH’ is calledthe fixed field

of H. Let us consider the four extreme cases of the priming correspond
ence in Lemma 54.8.

54.9 Lemma:Let K be a field extension and :GAutKE. Then

(1) 1" =E.
(2)E =1.
(3)K =G.

(4) G contains Kand possibly ko G'.
Proof: (1) 1" ={facEap=aforallpcl}={acEag=a}=E
(E ={pecGap=aforallacE={s}=1
B)K ={p € Gap=aforalla € K} =G
3
(4) Of courseK € G. From Example 54.7(a), we kndwat Aul;]:D(l;D(\/E) =1

3 3
so that, for the extensic@(\/z)/@, we haveG = 1 andK =@ c @(\/E) =
1" =G. ThusG is not always equal t&

[IY
m
[

O
E ——

54.10 Definition: LetE/K be a field extension and p@t= Aut E. If G

is equal tX, thenE/K is said to be Galois extensiorandE is said to be
Galois over K

Equivalently, E/K is Galois ifand only if for any elemers of E\K, there
exists ap € Aut E such thaty # a. It is easy to verify thalt is a Galois

extension ofR and thaﬂ;D(\/E) and@(\/z,\/:_%) are Galois extensions @
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54.11 Lemma:Let /K bea field extension and put &Aut E. Let LM

be intermediatdields of ZK and let HJ be subgroups of Af X is an
intermediatefield of EZK or a subgroup of Gwe denot€X’)” shortly by
X". Then the following hold

(LIfLcs M then M < L .
2)IfH<JthenJCc H".
(LS L and H< H”.
4L =L andH" =H".

Proof: (1) Supposée. € M. If ¢ € M, thenap = a for alla € M anda
fortiori ap =a for alla € L, hencep € L and consequenti” c L .

(2) Supposél << J. If a € J, thenap =a for all ¢ € J and a fortioriap = a
for all p € H, hencea € H" and consequentlyy c H".

(3) IfaclL, thenap =a for allp € L” by the definition ofL", soa is fixed
by all the K-automorphisms i.". Hencea is in the fixed field ofL” and
ael”’. Thisgived c L. Ifp € H, thenap =a for alla € H by the defi
nition of H", sop fixes every element iH", sop € H". This givesH € H".

(4) By parts (1) and (2), priming reverses inclusion, thereffoe L™

andH << H yieldL””” << L” andH"™" <€ H". Also, using (3) withL replaced
byH andH by L", we getH" € H" andL” << L. SoL””" =L" andH"" =

H”. O

E — 1 E —1
Ul N Ul N
M —— M H «—H
Ul N Ul N
L —— L J ——
Ul N Ul N
K ——G K G

In generallL may very well be a proper subsetlof andH a proper
subset oH"". We introduce a term for the case of equality.

54.12 Definition: Let E/K be a field extension an& = AutKE. An

intermediate field. of E/K is said to beclosedif L =L~ and a subgroup
H of G is said to belosedif H =H".
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SoE is Galois overK if and only ifK is closed. Lemma 54.11(4) states
that any primed object is closed.

54.13 TheoremlLet EZK bea field extension and @AutKE. There is a

one-to-one correspondence between gbt of all closed intermediate
fields ofE/K and the set of all closed subgroups ofhtwven byl — L .

Proof: If L is a closed intermediate field &fK, thenL” is a subgroup of
G by Lemma 54.8(1) and” is closed by Lemma 54.11(4). Thus priming
is a mapping from theset of all closed intermediate fields of the
extension into theet of all closed subgroups 6f This mapping is one
to-one, forL” = M™ implies L) = (M")"”", whenceL = M by Lemma
54.11(4) again. Finally, theriming mapping ionto the set of all closed
subgroupsof G because, iH is any closed subgroup & thenH” is a
closed intermedi-ate field and " =H. This completes the proof.

O

This theorem i&virtually useless™ until we determine which intermedi
ate fields andwvhich subgroups are closed. In the most important case
whenE/K is a finitedimensional Galois extension, all intermediate fields
and all subgroups will turn out to be closed.

Our next goals to show that an object is closed if it is "bigger than a
closed object by a finite amount{Theorem 54.16). We need two
technical lemmas.

If E/K is a field extension andM are intermediate fields with S M,
then the dimensionM:.L| of M over L will be called the relative
dimension of L and MIf G is the Galois group of this extensiand H,J
are subgroups @ with H << J, then the index:H| of H in J will be called
therelative index of H and.J

54.14 Lemma:Let E/K be a fieldextension and .M intermediate
fields with L M. If the relative dimensiofM:L| of L and M is finite
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then the relative index of MndL’ is also finite In fact |[L":M’| << |[M:L]|.
In particular, if E/K is a finite dimensional extensiothen |Aut B <

|EK|.:

Proof: We make induction on=|M:L|. f n=1, thenM =L andL” = M,
so|L":M’| = 1. Suppose now = 2 and thathe theorem has been proved
for alli < n. SincelM.L| > 1, we can findana € M\L. Now |[M:L| is finite
and thereforeéM is an algebraic extension bf(Theorem 50.10)s0 a is
algebraic ovelt. Letf(X) € L[X] be the minimalpolynomial ofa over L
and putk = deg {xX). Wehavek > 1 becausa ¢ L (Lemma 49.6(1)
From Theorem 50.7, we dedufi€a):L| = k and Theorem 48.13 gives
IM:L(a)l = n/k. The situation is depicted below.

M —_— M’
n/k U N

L@ —— L(a)
k ul A

L —_— L

In casek < n, induction settles everything: frolrdk < n andk < n, we
obtain|L(a):M’| < |[M:L(a)l and|L":L(a)’| < |[L(a):L| and therefordel.":M’| =
IL:L(a)’| IL(a):M’| << |[L(a):Ll IM:L(a)l = k(n/Kk) = n =|M:.L|. Thecasek = n
requires a separate argument.

Suppose novk = n so thatM:L(a)l = 1 andM = L(a). In order to prove
IL:M’] << n, we construct a one-to-one mapping from se¢ R of all

right cosets oM’ in L™ into the sebf all distinct roots off(x). SinceR

has|L":M’| right cosets, this will prove thdt :M’| << r, wherer is the

numberof distinct roots off(x) in M. Asr << deg f=|L(a):L| = |M:L|, the
theorem will be thereby proved.

What therequired mapping should be is suggested by Lemma 54.5. We
put a: R —{b € M: f(b) = 0}

M@ — ap
(p € L"). Sincea is a rootof f(X) ande € L << G = Aut E, Lemma 54.5
yields thatagp is indeed a root d{x). The mappingx is well defined, for
if Mp =My (p,p € L"), thenyp = pp for somep € M’, sop fixes every
element oM, soyp fixesa and M@)o = ap = a(uy) = @)y = ap = M'yp)a.
Moreover,a is one-to-one, for ifNI'g)a = (M'p)a, thenap = ayp, soapyp ™ =
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a, sopy ™ fixesa, sopy™ fixeseach element df(a) = M, sopyp™ € M™ and
Mo = M'yp. This completes the proof bf:M’| < [M:L]|.

The assertiofAut E < [EK| follows easily:|Aut E = |Aut E:1| = |K:1] =
IK":E'| << |EK]. m|

54.15 Lemma:Let EZK be a fieldextension and H are subgroups of G
= Aut E with H << J. "If the relative indexJH| of H and J is finite then

the relative dimension of dnd H is also finiteIn fact |[H:J| < |JH|.

Proof: Let|JH| = n and assumday way of contradiction, thal:J| > n.

Then there are + 1 elements iml” that arelinearly independent over
n

J, saya,a,, ....a.,a,,, Let iL:Jchpi be the disjoint decomposition dfas a

union of right cosets di.

We consider the system oflinear equations in + 1 unknowns:

(a,01)%) + @0 )%, + @gp )X+ - +(@,,,01)%,, =0
(a,0)%) + @0)%, + @g0)%5 + -+ + (@, 19)%,,, =0
..................... ®)

(alq)n)xl + (az@n)xz + (a3(pn)X3 oot (an+1an)Xn+1 =0

where the coefficientsaicpj are in the fieldE Since the number of
unknowns is greater than the number of equatithms system (b) has
nontrivial solution irE (Theorem 45.1).From the 'nontrivial solutions of
(b), we choose one for which the number of zeroes ampisgas small
as possible. Let, =b, X, =b,, x;=b,, ..., X, =b_ ., be such a solution.
Assumer of thebJ are nonzeror(s n + 1). By the choice dq there ino
solutionx; =c¢;, X, =C,, X; =¢C5, ..., X ., =¢C_,, of (b) in which the number
of nonzerocj's iIs less than

Eventually after renumbering, we may assumeblthat. b are distinct

from zero and (in case+ 1>r) b _ , =--- =b _, = 0. Also, we may

assume that = 1, forotherwise we may take the solutibyYb,, b,/b,,

b3/b1, bn+1/b1 instead oibl,bz,b3, ...,bn+1. Of course the numbearof

nonzero elements in both solutions are the same.

Lety € J. We consider the system:
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(a0, 0)X; + @0, W)X, + (@gp W)X+ - + (@, P WX, =0
(Q,0,0)% + (@ P + @ W)X + 0 + (@, W)X, =0
..................... ©

(a0 W)X + @9 WX, + @gp W)X+ - + (@, WX =0

We make two remarks concerning (s). First, siqceb, = 1,x, = b, X; =
b, ..., % ,, =b.,,, is a solution of (b) ang is a homomorphisnit is clear
thatxl = bllp =1,% = bzlp, X3 = b31p, o X =b e is asolution of (s).
Second, the system (s) is identical with (b), aside fronothder of the
equations. Tgrove the last assertion, we note tbiat PP, PP, ... P W

are elements of distinct right cosetstbfin J, for Hep = H(pjlp implies
(cpitp)(cpjtp)'1 € H, socpicpj'1 € H, soHg, =Hg, soi =j. Let us write then

SO that (pllp = nl@ila (pzlp = nchizl (pslp = ng@i31 L | (pnlp = nn(pin
for somen,, n,, ng, ...,n, € H(where { i i ....i }={1,2,...,n}). Thus each
n, fixes eacha_in H” and the, -th equation
(al@ik)xl + (aZCpik)XZ + (as@ik))% toee F (an+1(pik)xn+1 =0
in (b) is identical with
(@M@ )X + @0 P )X + @gn®; )G+ + (@ N )%, = 0
and therefore with thk-th equation
(3,0 0% + @ W)X + @ W)X+ + (@, WX ., =0

in (s). This proves that (b) and (s) are identical systems.

Consequently, the solutiogQ = 1,x, =bp, x; =byp, ..., x . =b_ ¢ of (s)

is also a solution of (b). Now, = 1,x,=b,, x;=b,, ..., x  ,=b_,is a

solution of (b). Hence the difference of these solutions

X =0, %=b,-bp, X3=b;-byy, ..., x ;=B -b v
i.e., X, =0, %=b,-byp,....,.x =b -by,x_ ,=0,...,x =0 (c)
is a solution of (b).

So far,p was an arbitrarglement ofl. We now make a judicious choice
of p. One of thepl, Py Pgy - - P, belongs toH, saye, € H, soa ¢, =a_
because € H form=1,2,....n,n+ 1. Sincex, = b, X, =b,, X3 = b3,
X .1 = b, is a solution of (b), we get

a1b1+a2b2+a3b3+---+a b 0

N+l -n+1

665



from the first equation ifb). Here @,,a,a; ....a .} is linearly indepen
dent over andb1 = 1z 0. Thus all obl,bz,b3 ...,bthl cannot be id’: one
of them, sa;bz, is not inJ". So there is & € J such thabztp Z b2.

We choosep € J such thab,yp # b,. Then the solution (c) dhe system

(b) is a nontrivial solution in whicthe number of zonzero elements is
less thanr, contrary to the meaning of as the smalleshumber of
nonzero elements in any solution of (b). This contradicibaws that
IH:J| > nis impossible. Hendél":.J'| << n =|JH|. O

54.16 Theorem:lLet EZK be a field extension and :GAutKE. Let LM be

intermediate fields of &K with L <€ M and letH,J be subgroups of G with
H<J

(1) If L is closed antM:L]| is finite then M is closed and”:M’| = [M:L].

(2) If H is closed andlH| is finite then J is closed and .J| =|JH]|.

Proof: (1) HereM € M"™” by Lemma 54.11(3) and = L"" by hypothesis,
so

IM:L| << [M7:M|[M:L| =MLl =IM7:L"| =[(M")":(L")| < [L":M’| < [M:Ll,
the last two Iinequalitiesby Lemma 54.15and Lemma 54.14,
respectively. This prove& M| = [M:L|. The proof of (2) is similar and

will be omitted.
O

We are now in a position to state gmmbve the major theorem of this
paragraph.

54.17 Theorem (Fundamental theorem of Galois theory)et E/K

be a finite dimensional Galoiextension of fields and & Aut E. Then
there is a one-to-one correspondence between the setmteathediate
fields of ZK and the set of all subgroups of @ven byL — L". In this
correspondencethe relative dimension of two intermediate fields is
equal to the relative index of the corresponding subgrdagsarticular,

|Gl =[Aut B =|EK]|.
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Proof: By Theorem 54.13, there is a one-to-one correspondence
between the set of all closed intermediate field&/kfand the set of all
closed subgroups o, given byL — L". NowK is closed E/K is a Galois
exten-sion) by hypothesis and all intermediate fieddle closed by
Theorem 54.16(1) sindbey are finite dimensional ov& Moreover, if
M is any intermediate fieldhen|K:M’| = |IM:K|. In particular,E is closed
and/Aut E =|G = |Gl =|GE] = |[K:E| = |[EKI|. HenceG is finite. Since 1 is
closed, it follows from Theorem 54.16(2) that all subgroupsG are
closed, because they are finite subgroup6. dience thgriming map
ping is a one-to-oneorrespondence between the sealbintermediate
fields of E/K and the set odll subgroups o6. Theorem 54.16 tells that
the relative dimensio:L| of two intermediate fieldd. € M is equal to
the relative indexL":M’| of the corresponding subgroups ®fand that
the relative indexJH| of two subgroupsH < J of G is equalto the
relative dimensioiH:.J| of the corresponding intermediate fields. O

3
54.18 Examplesi(a) Let \/E be the real cube root of 2 and consiidher

3 3
extensior@(\/z,w) over(). The-automorphismsf @(\/E,w) are e, ,9,,ea,
P PPy where

3 3

o 2—\2, ®w— O,
3 3

@2:\/§—>\/§, w—>w2:—l—w,
3 3

o 32— .
3 3

@, 2 — 20, w—>w2:—1—w,
3 3 3

Py 2 — \202 = \/E(—l - ), w— O,
3 3 3

@6:\/§—>\/§w2:\/§(—l—w), w— 2=-1- .

3
Any elemenu of @(\E,w) can be written uniquely in the form
3 3 3 3
u=a+b 2+C\/Z+dw+e\/§w+f\/zko,

3
wherea,b,c,d,ef are rational numbers. We show t 2,0) is Galois
over{). Tothis end, we have to show that the fixed fieldsaé exactly
@. Since
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(a+bi/§+ci/2+dw+ei/§w+fi/zto)@2
:a+b32+ci/Z+(d+ei/§+fi/Z)w2
:a+b32+ci/zl+(d+ei/§+fi/2)(—1—w)

=@- )+ (B- V2 + (- DV - du - eV20 - o,

3 3 3 3 3
we see that an elemamnta +b\y2 + C\/Z +dw + e\/Ew + f\/Zw of (I;D(\/E,w)
is fixed bycp2 if and only if

a=a-d d=-d
b=b-¢ e=-e
c=c-f, f=-f.

So an element of @(i/z,w) fixed by ¢, has the forma + b3 2+ ci/z. If u
is fixed also by, then a + b3 2+ ci/z =@+ bi/z + Ci/Z)cp
:a+b3 2w+Ci/Zw2
=a+b3 2w+ci/zl(— 1-w)
:a—ci/Z+bi/§w—ci/Zw

yieldsb =0,c =-¢c, -c = 0 and sau =a ¢ (I;D.. Since an element in the
fixed field of G is necessarily fixed by, andg;, thatu hasto be rational.

3
Thus the fixed field o6 is (). This shows tha@(\/z,w) is Galois ovefi).

3
The multiplication table ofG(@(\/E,w)/@) can be constructed easily.
3

3 3
Since \2p,p, = \/§<p3 = V26 and 0P, = 0P, = w2, We havepp, = ¢, etc.

and the multiplication table @'(@(i/z,w)/@) is

P, Py O3 P, P B
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3
SOG(@(\/E,@)/@) is a nonabelian group of order 6 and isomorphig;to

as can be easily seby comparing the table above with the multiplica
tion table ofS;:

z (23) (123) (12) (132)
(13)
z z (23) (123) (12) (132)
(13)
(23) (23) z (12) (123) (13)
(L32)
(123) (123) (13) (132) (23)
z (12)
(12) (12) (132) (13) z (23)
(L23)
(132) (132) (12) z (13)
(L23) (23)
(13) (13) (123) (23) (132)
(L2) ‘

3
The isomorphisnG(@(\/E,w)/@) = S, can be found in a better wdoy

3
ob-serving that angtutomorphism iG(@(\/E,w)/(ED) is completely deter

3
mined by its effect on the roots xf- 2. The roots ok> - 2 areu, = 2,

3 3—
u, = \/Ew, u, = \/Ew . Now¢, mapsu, to u,, u, to u; andu, to u, and can
therefore be represented, ineadily understood extension of the nota

U WUy _ _
ul u3 uz) - (ul)(u2u3) - (UZU3) Dropplngu

and retaining only the indices, we gbat ¢, can be thought of as the
permutation (23) ir$;. The othelrpj can be thought ads permutations in

tion for permutations, aé

3
S; in a similar way and thigives the isomorphis@(@(\E,w)/@) = S,
In the multiplication tables abovej,and its image irs; under thisiso-

morphism occupy corresponding places.

The subgroup structure & is well known. The subgroups & are
depicted in the Hasse diagram beldw{ B meansA C B).

1
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{~(23)} {s(13)} {4(12)}

S5

So the subgroups @(@(i/i,w)/@) are

1

{p.05} {006 {o0)
G(@(i/z,w)/@)

and priming yields

DO2.0)

3 3 3
0(W2)  0E2e)  OG269)
(N
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4
(b) Let \/E be the real fourthroot of 2 and consider the extension

4 4
Q(2.) over@. The@-automorphisms dB(\2,i) Are @;,¢,,P5.0,. PP PPy
where

@12‘\1/5*4\1/5, =1,
(pz:i/z_)i/zi I — _|1
@3:4\1/5—4/5, I =1,
<p4:4\1/§—></§i, I — -,
@6:1/5_)_1/5' I — _|1
4 4—
P 2—-\2i, i — 1,
4 4 - . -
@8:\/§—>—\/§|, i — -I.

We pute, = 1 ande; = o. Theno(r) = 2, 0(s) = 4 and " = oL Thus
4

G(G;D(\/E,i)/@) is adihedral group of order 8. Since any automorphism in
4

G(@(\/Ei)/@) is completely determined lits effect on the four roots,

\/_ \/Eu - 2, u, = = \2i of x* - 2, the groupa(@(N2i)/D) is
isomorphic to a subgroup §f. We seec = (u; z :13 u4) (U uu,u,)

u
ul 32 333 uz) = (wuy). So SON2Zi)/0) = <(24),(1234) =

{l,(13),(24),(12)(34),(13)(24),(14)(23),(1234),(1432)}< S, by an

andr—(

isomorph-isme, = 1 — (24), ¢; = 0 — (1234). The subgroups of

G(G;D(L\l/z,i)/@) are

{1, {1,021} {1,652} {1,017
{1,031

671



{1, T,OZ,GZT} {1,0,02,03} {1, or,62,03r}

Aul;u)@(i/zi)

4
Let usfind the intermediate field dlfD(\/E,i)/@ corresponding to {&?}.

We writeu = ‘\1/5 for brevity. We havéu)s?t = (U)ot = (ui)ot = (Uo-ic)T =
(Uii)t = (Cu)t = - (UD) = -u and (o2t = (io)ot = (o)t = it = -i. Now let
a,bcdefgh € @ ands=a +bu+cl?+du® +ei+ fui + guiéi + hudi. Then
521 = (@ + bu+ cl? + du® + ei + fui + gu@i + hu®i)o?t
=a +b(-u) + c(-u)? + d(-u)® + e(-i) + fF(-u)(-i) + g(-u)>(-i) + h(-u)3(-i)
=a - bu+cl? - du® - ei + fui - guéi + hadi
and scs is fixed under?t if and only if

a=a, b =-b, C=c, d=-d,

e=-g f=f, g =-g, h =h,
so if and only if b=d=e=g=0,
so if and only if s=a +cl? + fui + hudi = a + f(ui) - c(ui)? - h(ui)3
so if and only if s € ((ui).

4
Thus theintermediate field of@(\E,i)/@ corresponding to {&?t} is

4
{1,6%1) = O(ui) = G;D(\/Ei). Similar computations yield that the Galois
corre-spondence is &3 the diagram below, where intermediate fields
occupy the same relative position as the corresponding subgroups.

WED
02 0Ez) Dz ONZa+)  ONZI-)
0(2) Q) Q(2i)
o
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(c) Let p bea prime number andh € N. We consider the extension
[Fpn/[Fp. The mapping ! [Fp” — [Fpn

a— aP

is a field homomorphism (Lemma 52.2) and fixes every elemeiﬁg in
(Theorem 12.7 or Theorem 52.8). Thuis [Fp—linear and, sincéfpn:[Fpl is
finite, o is onto[FIon (Theorem 42.22). Sois an[Fp—automorphism oEFpn.

We putG = Aut, [Fpn. We want to shovs = <¢>. Firstwe proveo(oc) = n.
p

Fromac" =aP =a for alla ¢ [Fpn (Lemma 52.4(2) or TheorebB?2.8), we
geto" =1, soo(o)In. On the other hand, th is a positive proper divisor
of n, then[Fpn has a proper subfielﬁgm with p™ elements (Theorem 52.8)
and there is & ¢ [Fpn\[FIDm with be™ = bP" 2 b, so¢™ z 1. Sowe conclude
o(o) = n. Sincel [Fpn:[Fpl is finite, we get

n=o0(oc) = G=G1=( p)':( pn)' pp =N
from Lemma 54.14,so0 =G =nandG=

It is now easy to show thar'gn is Galois over . We have
G = ‘={a ) =—a}=
by Theorem 52.8 and thu& is Galois over .

p

The Galois correspondence is easy to describe. The subgroups axfe
in one-to-one correspondence with the positiisgsors of n and any
subgrouH of Gis of the formH = ™ (Theorem 11.8). The subfield of
o corresponding tél = M is

H = M"={a pn:am:a}={a raP"=a} =

the unique subfield ofpn with p™ elements.

p" 1
n/m n/m
o m
m m
p G=

In all these examplesye first determined the subgroups of the Galois
group andthen found the intermediate fields corresponding to them.
One can of course reverse this, i.e., onedmtermine the intermediate
fields in the first place and then finde subgroups corresponding to
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them. However, it is in general modifficult to find all intermediate
fields of an extension, for it likely that one overlooks some of them.
Also, it is more difficultto avoid duplications. For instance, in Example
54.18(c), it is not immediatelglear where (V2(1+)) and (V2(1 i)
are, nor whether (\/E(1+i)) = (\/E(l i)). It is far easier to list the
subgroups than to list the intermediate fields.

It is natural to ask which intermediate fieldsrrespond to the normal
subgroups of the Galois group of an extension. Also, what be said

about the factor groups of the Galois group? We proteathswer these
guestions. We need a definition.

54.19 Definition: LetE/K be a field extension and I6t= Aut E be its

Galois group. An intermediate fieldL of this extension is saitb be

stable relative to K and,Eor tobe K,E)-stableif every K-automorphism
Aut E of E mapsL intb L.

In the situation of Definition 54.19, if is a KE)-stable intermediate

field, then the inverse® of anyK-automorphism of E also map4. into
L. Thus the restriction to L of anyK-automorphism of is a K-auto

morphism ofL. Thus we have a "restriction™ mapping

res AutKE AutKL

L

A K-automorphism of L is said to besxtendible to Hf there is aK-
automorphism of E such that = . Thereforeres is a mapping onto

the set of all extendible-automorphisms df.

54.20 Theorem:Let /K be a field extension

(1) If L is a(K,E)-stable intermediate fieldhen L is a normal subgroup
of the Galois group AYIE.

(2) If H is a normal subgroup of ALE, then H is a (K,E)-stable inter
mediate field of the extension
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Proof: (1) We are to prove that! L" for all L" and Aut E.
Thus we must show tha¢ ' )=a foralla L. Indeed, ifa L, L
and Aut E, thena ' L sincel is KE)-stable, sqa ) =a % so
a( * )=@ ') =@ Y =a Hencel” AuWwgE

(2) We are to prove that H” for alla H and Aut E. Thus we
must show thata() =a for all H. Indeed, ifa H’, H and

Aut E, then ' HsinceH AuwE soa( ') =a,soa( ) '=a,
soa( )=a .HenceH is KE)-stable.

54.21 Theorem:Let EZK be a Galois extension and L an intermediate
field. If L is (K,E)-stable then L is Galois over K

Proof: For anya L\K, we must finda AutL suchthata a. Since
E is Galois oveK, there is a Aut E suchthata a. Then AutlL

by stability ofL relative toK andE. Thus | can be taken as

54.22 Theorem: Let EZK be a Galois extension andx}f K[x] be
irreducible inK[x]. If f(X) has a root in Ethen tx) splits in E and the
roots of {x) are all simple

Proof: Let a, be a root of(x) in E. We putdeg {xX) = n. Wewant to show

thatf(x) =c(x a)(x a)...(x a) for some elementsa,a,, ....a, inE
For this purpose, we pg{x) = (x a)(Xx a,)...(x a) E[x], where
a,a, ...,a, are all the distinct roots d{x) in E. We knowm n from

Theorem 35.7.

Any K-automorphism ot maps a root of(x) to a root off(x) (Lemma
54.5). Thus the coefficientsf g(x), which are symmetric in the roots
a,;a, ...,a,, 0f g(x),; are fixedby anyK-automorphism oE. This shows
that the coefficients af(x) are inE" =K. Henceg(x) K[x]. Thenf(x) and
g(x) are two polynomials irK[X] with a common roota, and f(x) is
irreducible oveK. Theorem 35.18(1),(3) gives théfx) g(x) and conse
quentlyn = deg {x) deg dX) = m. We havem n also, thush = m.
Fromf(x) g(x) we get therf(X) g(X). Sof(x) =c(x a)Xx &,)...(x a)
for somec K and the roots a, ....a, E of are all distinct, i.e., all
roots off(x) are simple.
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The next theorem is a kind of converse to Theorem 54.21. The igesult
not necessarily true without the hypothesis thiatalgebraic (cf. Ex. 8).

54.23 Theorem:Let EZK be a field extensiomand L an intermediate
field. If L is algebraic and Galois over,khen L is(K,E)-stable

Proof: We want to show that L foranya L and any Aut E. If

a L, thena is algebraic oveK sincelL is algebraic oveK. Let f(xX) be
the minimal polynomial of overK. Thenf(x) is a product oh distinct
polynomials of degree ona L[X] because. is Galois overK (Theorem
54.22). Thus all roots d{x) are inL.. Now if AUt E, thena is a root
of f(x), hencea L, as was to be proved.

Let E/K be a field extension and letbe a(K,E)-stable intermediate field
of E/K. Let us consider the restriction mapping

res AutKE AutKL

L

Since ( ), = | | for any twoK-automorphisms, ofE, we see thates
is a homomorphism. ThereforAut E)/Ker res=Im res Now Im res is

the set of alK-automorphisms ok that are extendible E (hence the

set of allK-automorphisms df that areextendible toE is a subgroup of

Aut E) andKer res={ AutE | = }={ AugE a =aforalla L}
=L = Aut E. Hence AutKE)/(AutLE) is isomorphic to the group aill K-

automorphisms df that are extendible t& We proved the

54.24 Theorem:Let EZK be a field extensiomand L an intermediate
field. If L is (K[E)-stable then (L = Aut E is normal in A4 E and the

quotient groupG(E/K)/G(E/L) = (Aut E)/(Aut E) is isomorphic to the
subgroup of AyL consisting exactly ahe K-automorphisms of L that

are extendible to E

We can now supplement the fundamental theorem by describing the
situation with respect to an intermediate field.
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54.25 Theorem: Let /K be afinite dimensional Galoisextension of
fields and G= Aut E. Let L be an intermediate field of i

(1) E is Galois over L

(2) L is Galois over Kf and only if L = Aut E is normal in G= AUt E In

this caseG/L" = (AutKE)/(AutLE) isisomorphic to the Galois group &l
of L over K Thus GQE/K)/G(E/L) G(L/K).

Proof: Here the hypotheses of the fundamental theorensatrsfied.
The fundamental theorem states that any intermediate fidddKaind
any subgroup o is closed.

(1) In ordernto show that is Galois ovel., we must prove thdt = L",
that is, that is closed. This follows from the fundamental theorem.

(2) E/K is a finite dimensional extension by hypothesis anld/Kas also
a finite dimensional extensiolhus L is algebraic overK (Theorem

50.10) IfL is Galois oveK, thenL is (K,E)-stable by Theorem 54.24 and
soL” is normal iNAut E by Theorem 54.20(1). Converselylifis normal

in AutE, then L is a KBE)-stable intermediate fieldoy Theorem

54.20(2). Herd. = L~ because all intermediate fields are closed. Thus

is (K,E)-stable. Theorem 54.21 tells then that Galois ovelK. SolL is
Galois oveK if and only ifL" is normal inG =AuLE

Supposeaiow L is Galois oveK andL’ G =AutE Then AutL = LK

by the fundamental theoreifwith L in place ofE). Theorem 54.23
states tha®G/L" = (AutKE)/(AutLE) is isomorphic to a subgroup éfut L.
UsingL =L"" (i.e,,L isclosed) andG =K (i.e., L is Galois oveK), we see
G/L" = GL = LG =LK = Aut L by the fundamental theorem. Thus
G/L", which is isomorphic to aubgroup ofAut L, has the same order as
Aut L. Since Aut L = LK is finite, this impliesthat G/L" is actually
isomorphic toAut, L itself, as was to be shown.

We end this paragraph with an important illustration of Theorem 54.25.
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54.26 Theorem:Let q be a field of celements andt a finite dimen
sional extension ofq. Then E is Galois over, and Au Eis cyclic gener
q

ated by the automorphismwhere :a a9foralla E

Proof: Let E q =" andchar q= P sothat b is the prime subfield ofo|
(and ofE). We haveg = p™, wherem = q p We consider the extension
E/ o SinceE is anr-dimensional vector space over and q is anm-

dimensional vector space over Theorem 48.13 sa¥sis anrm-dimen-
sional vector space over andso E = p'". ThusE is a finite field anckE
is Galois over | (Example 54.18(Q9) Then E is Galois over any

intermediate field oE/ o (Theorem54.25(1); in particular,E is Galois
over . Furthermore, we know fromxample 54.18(c) thaAut E = :
p

where is the field isomorphismm aP for alla E and that the group
( q)’ corresponding to the intermediate fie(lqd/vith p™ elements is ™M .

ThusAut E = ( q)' = ,where = Mis the mapping@g a" = a9 for all
q

a E

Exercises

1. Find the Galois grouput E and all itssubgroups and describe the
Galois correspondence between the subgroupSupfE and the inter

mediate fields oE/K when

(@ E= (V2\/3) andk = ;

®E= (235 andk= K= (/2)
©E= (233 andk= ()K= @(3)
(@ E= (f2i)andk= ()

@E= (2V5) andk= , (2.

2. Let E/K be a field extension. Provéhat if L is a (E)-stable
intermediate field, s L°” and that ifH is a normal subgroup &ut E,

so isH™".

678



3. LetE/K bea field extension an@ = Aut E. LetL, M be intermediate
fields of E/K and letH,J be subgroups d&. Prove thatH J =H" J
and (M) =L~ M.

If, in addition,L is finite dimensional and Galois oyerthenLM is finite
dimensional and Galois ovbrandAut L Aut LM.

4. LetK be a field andk an indeterminate oveéd. Showthat, if L is an
intermediate field oK(x)/K andL K, then K(X):L is finite.

5. Prove thakK(x) is Galois oveK if and only ifK is infinite.

6. LetK be an infinitefield. Prove that a proper subgroup At K(X) is
closed if and only if it is a finite subgroup Atit, K(x).

7. Consider the extension(x)/ . Prove that the intermediateeld
(x®) is closed and the intermediate fiel@®) is not closed.

8. LetK be an infinite field and,y two distinct indeterminates oveX.
Showthat the intermediate field(x) of the extensioi(Xx,y)/K is Galois
overK butK(x) is not stable relative 1 andK(x,y).
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