855
Separable Extensions

In 854, we establishatle foundations of Galois theory, but we have no
handy criterion for determining whether a given field extensi&alois

or not. Even irthe quite simple cases such as in Example 54.18, we had
to study the effects of automorphisms on the elements iaxtteasion
field, and this involved much calculation. The extensibelds in
Example 54.18 were seen e splitting fields of certain polynomials
over the base fieldln this paragraph, we will learn that a finite
dimensional extension iGalois if and only if the extension field is a
splitting field of a polynomial whose irreducible factors havemutiple
roots. We give a name to irreducible polynomials of this kind.

55.1 Definition: Let K be afield and f(x) € K[x]. If f(xX) is irreducible
over K and has no multipleoots (in any splitting field of(x) over K),
thenf(x) is said to beseparable over K

Thus all thedeg f(xX) roots of a polynomiaf(x) separable oveK are
distinct andf(x) splits intodistinct linear factors in any splitting field of
f(x) overk.

The existence of multiple roots can be decided by means afettinea
tive. If K is a field,f(xX) an irreducible polynomial iK[x] andE a splitting
field of f(xX) overkK, then Theorem 35.18 (5) and Theorem 3%6)8&how
thatf(x) is separable ovétrif and only iff'(x) z O.

How can an irreducible polynomifx) havea zero derivative? NoOWX)
is not O or a unit because of irreducibility,deg {xX) = m = 1. Letf(X) =
3 ax', witha_ = 0. Thenf(x) = S iax'" = 0if and only ifia, = O for alli

i=0 =1
=1,2,....m In particular, (nl)a_ = ma_ = 0. Since a field has no zero
divisors andch_ = O, this forcesnl = 0. This is impossible in caskarK =

O and is equivalent tgm in casechar K= p z 0. Likewise, ifa, # O, the
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Conditioniai = 0 is equivalent t@li in casechar K= p. So for terms,aixi

[rZp] :
with a. # 0, we have = pj for somej and we may writd(x) = r% apjpr.
j=0

Putting nvp] = n, a,; :bJ andg(x) = i b]xj, we obtainf(x) = g(xP). Thus
j=0

f(x) is actually a polynomiah xP. Conversely, iff(x) = g(xP), thenf (x) =
g (P)-pxP1t=g (xP)-0 = 0 by Lemma 35.16. We summarize:

55.2 Lemma: Let K be a fieldIf char K = 0, then any polynomial
irreducible over K is separable over Kchar K=p z 0 and {x) € K[X] is
irreducible over Kthenf(x) is separable over K if and only i is not
a polynomial in R i.e, f(X) is not separable over K @nd only if {x) =
g(xP) for some ¢) € K[X]. m|

In terms of separable polynomials wew define separablelements
and separable fieleixtensions

55.3 Definition: LetE/K be a field extension arade E. If a is algebraic
overK and the minimal polynomial afover K is separable ovéf, then
a is said to beseparable over K

Thus any elemerd of K is separable ovet sincethe minimal polyne
mial ofa overK isx - a € K[X] andx - a is separable ovex.

55.4 Definition: Let E/K be a field extension. I is algebraic oveK

and if every element oOE is separable ovekK, then E is said to be
separable over Kor a separable extension of knd E/K is called a
separable extension
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The polynomialk? + 1 € Q[X] is separable oveld, because it is irreduc
ible over(l andchar@ = 0. On the other hang?® + 1 ¢ [F2[x] IS notsepar

able oveff, because® + 1 = k + 1F is not even irreducible ovér,

If E/K is an extension dfelds of characteristic O, then any elemen€tof
that is algebraic ovet is separable ovdt. Thus anyalgebraic extension
of a field of characteristic O is a separable extension of that field.

We compare separability over a field with separabiitaer an inter
mediate field.

54.5 Lemma:Let EZK be a fieldextension and let L be an intermediate
field of EZK. Let a€ E be algebraic over Kf a is separable over Khen a
is separable over.L

Proof: Lemma 50.5 shows that is algebraic ovel. Let f(xX) be the
minimal polynomial ofa overK and g(x) the minimal polynomial of
overL. By Lemma 50.5g(x) is a divisor off(x). Thus any root of(x) is a
root of f(xX). Sincea is separable oved, the rootsof f(x) are all simple,
hence, all the more so, the roofg(x) are all simple and is separable
overL. O

55.6 Lemma:Let EZK be a fieldextension and let L be an intermediate
field of ZK. Then E is separable over L and L is separable over K

Proof: Assume thak is separable ovet. We are to show thdll) E is
algebraic ovelL andL is algebraic oveK and (2) any element i is
separableover L and any element df is separable ovef. SinceE is
separable oveat, we deducé& is algebraic ovelk (Lemmab0.5) and any
elementof E, being (algebraic and) separable o¥ers also separable
overL (Lemma 55.5)Thus E/L is a separable extension. Moreover, all
elements okt are separable ov&r so, in particular, all elementslimare
separable oveat andL/K is a separable extension. O
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The converse of Lemma 55.6 is also trueairidbe proved later in this
paragraph (Theoren®5.19). Our next goal is to characterize Galois
exten-sions as splitting fields of separable polynomials.

55.7 Theorem:Let K be a finite dimensiondield extensionThen
the following statements are equivalent

(1) E is Galois over K

(2) E is a separable extension of K and gmditting field over K of a
polynomial in Kx].

(3) E is the splitting field ofa polynomial in KX] whose irreducible
factors are separable over. K

Proof: (1) = (2) We proveE/K is a separable extension. Sin&« is a
finite dimensional extensioh,is algebraic oveK. We have also to show
that the minimal polynomial oved of anyelementu in E is separable
over K. This follows immediately fromTheorem 54.22. Hencé& is a
separable extension Kf

We must now show that there is a polynom(&) in K[X] such that isa
splitting field of f(x) overK. Let {a,,a,, ...,a } be aK-basis ofE and let

f.(X) € K[X] be the minimal polynomial af overK (i =1,2,...,m). We put
g(x) =f,(0,(9)...f (X € K[X]. From Theorem 54.22 again, we learn that
eachf(x), hence alsg(X), splits inE. Moreover,g(x) cannot split inany

proper subfieldL of E containingK for if L is an intermediate field &/K

andg(x) splits inL, thenL contains all roots ofj(x), henceL contains
a,a, ...,a and we have

E= §<(a1,a2, ...,am) c K(al,az, ...,am) cL,
soE =L. ThusE is indeed a splitting field af(x) overk.

(2) = (3) Assume nowkt is separable ovef andE is a splitting field
overK of apolynomialg(x) in K[x]. We are to prove that the irreducible
factors ofg(x) in K[x] are separable ové&r Letg(x) = f,(X)f,(x)...f_(X) be
the decomposition of(x) into irreducible factor$ (X) in K[x]. Sinceg(x)
splits inE, eachf,(X) has a rooa, € E. Herea, is separable oveés because
E is separable ovef. Thusthe minimal polynomial ofa, overK is a
separable polynomial ov&r But the minimal polynomial o overK is
¢.f.(X) with some suitable, € K, because, is aroot of £.(X) andf.(x) is
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irreducible inK[x]. Socf,(X) is separableverK and consequentlf(x) is
also separable ové&r

(3) = (1) Suppose now is a splitting field of a polynomia(x) € K[X]
whose irreducible factors Kjx] are separable ové&r We put

Ko={a € E ap =a for allp € Aut E}.

Clearly K, < K. In fact K is the fixed field of Aut E, hencekK, is an
intermediate field of the extensi@K. We prove thak is Galois oveK
by showing (i)E is Galois ovelK; (i) Aut E = AutKOE; (i) |[EKI = [Aut El.

These will indeed imply

EKJ =I|Aut, E (by the fundamental theorenof
0
Galois theory, sinc/Kj is a finite dimensional Galois extension),
Aut, E| =|Aut, E (by @),
|Aut El = |EK| (by (i),
so |EKJ =IEKI,
SO KO =K
and E is Galois oveK (by ().

Since, for any € Aut E, thereholdsap = a for all a € K, we see that
Aut E << A E.
UtK e UtKO

(i) In order to showthat E is Galois overlK, we have to find, for
eachb € E\KO, an automorphism € Aut E suchthatbg = b. If b € E\KO
0

then, by definition of<, there is ap € Aut E such thatop # b. From
< ) i i .
Aut E AutKOE, we see € AutKOE andby # b. ThusE is Galois oveK,

(i) E/K is a finite dimensional extensiohence E/Kj is a finite
dimensional extension arEleKO iIs Galois. Therefore, by the fundamental
theorem of Galois theory, the subgrotipt E of Aut, E is aclosedsub-

0

group ofAutKoE. HenceAutKOE =K, = ((Aut E))” = (Aut )" = Aut E

(i) We proveEK| =|Aut El by induction om =|EK]|, the hypothesis

being thatE be a splitting field oveK of a polynomial inK[x] whose
irreducible factors (iK[X]) are separable ové&r

If n=1, therE=K, soAut E=Aut K={z}and|EK| =1 =|{4}| =|Aut E.
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Suppose now => 2 and suppose thiaiK | = [Aut, E| whenevelE /K is
1

a finite dimensional extension with<l |[E;K | < n such thag, is a split
ting field of apolynomial inK [X] whose irreducible factors (iQ[x]) are
separable oveX,.

Let g(X) € K[X] be the polynomialof which E is a splitting field oveK

and letg(x) =f ()f,(x)...f_(x) be the decomposition ofX) into irredue

ible polynomialsf.(X) in K[x]. The polynomialsf,(X) cannot all be ofirst

degree, for then the roots Hfx) would bein K and, asE is a splitting
field of g(x) overK, thefield E would coincide withK, against the hypo
thesis|EK| =n > 1. Thus ateast one off.(X) have degree> 1. Let us
assumealegf (X) =r > 1 and let € E be a root of (X). We putL = K(a).

Then|LK| =r and|EL| =n/r < n.

Now E is a splitting field ofy(x) € L[x] over L (Example 53.5(9) and the
irreducible factors (inL[x]) of g(x), being divisorsof f.(x), have no
multiple roots and are therefore separaier L. SincelEL| = n/r < n,
we getEL| =|Aut E =[L’| by induction.

In order to provelEK| = |Aut El, i.e., in order to proveEL| [LK| =
|Aut EIL'[[L], it will be thus sufficient to show that=|LKK| =|Aut EL’|.

We showAut ELL'| =r by defining aone-to-one mapping A from the set
R of right cosets of” in Aut E onto theset of distinct roots of (X) in E.
Let{a =a, a, ....a} be the distinct roots df (X) in E. We put

AR —{aja, ....a}t
L'¢ — ap

(¢ € Aut E; we knowag € E is a root off (X) from Lemma 54.5). This
mapping A is well defined, for if'p =Ly, then

ppte L

oy fixes each element &f=K(a)

eyt fixesa

a(ev) =a

(ap)v'=a

ap =ayp

(L'p)A = (L'w)A,
soA is well defined and,reading the lines backwards, we see that A is
one-to-one as well. It remains to show that A is omdeed, ifa, is any
root of f,(X) in E, then there is a field homomorphisim K(a) — K(a)
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mappinga to a, and fixing each element &f (Theorem 53.1) and can
be extended to &-automorphismg,: E — E (Theorem 53.7). Them
sends the c:osetl'cpi € R to ap, = ax = a. HenceA is onto. This gives

AUt EL| =|RI ={a,a,, ....a} =r. The proof is complete. O

Thus for finite dimensional extensions, being Galois is equivalent to
separability plus being a splitting field.

If E/K is a field extension anél is a splitting field off(x) € K[X] overK,
then all roots of the polynomid&{x) are inE. We show more generally
that,if there is a root irtE of a polynomial ovekK, then all roots of that
polynomial are inE. This gives a characterization aplitting fields
without referring to any particular polynomial.

55.8 Theorem: Let EZK be a finite dimensional field extensiohhe
following statements are equivalent

(1) There is a polynomia(X) € K[x] such that EBs a splitting field of (i)

over K

(2) If g(¥) is any irreducible polynomial in K], and if dxX) has a root in
E, then dXx) splits in E

Proof: (1) = (2) Asume thag(x) € K[X] is irreducibleover K and that
g(X) has a roou € E. We want to show thatll irreducible factors of(x)

in E[X] have degree one. Suppose, on the contrary hilxpte E[X] is an
irreducible (oveE) factor ofg(x) with deg l{x) =n > 1. We adjoin aoot

t of h(x) to E and thereby construct the fied(t).

Now u andt are roots of thereducible polynomiab(x) in K[x], so there

is aK-isomorphismyp: K(u) — K(t) (Theorem53.2). SinceE is a splitting
field of f(x) over K(u) and E(t) is a splitting field off(x) over K(t)
(Example 53.5(9) the K-isomorphism¢ can be extended to &-
isomorphismyp: E — E(t) (Theorem 53.7).But then |[EK| = |E(t):K| =
|[E(t):EIEK| = n[EK| > |EKI, a contradiction. Thus all irreducible factors of
g(x) in E[X] have degree one ag¢k) splits inE.

(2) = (1) Suppose now that any irreducible polynomid{[i} splits inE
whenever it has a root i Let {a,,a, ...,a } be aK-basis ofE and let
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f.(xX) € K[X] be the minimal polynomial ok, over K. We putf(x) =
f,001,(%)...f_(X). We claimE is a splitting field off(xX) overK.

Eachf,(x) has a roog, in E, soeachf.(X) splits inE by hypothesis, sf(x)

splitsin E. Moreover,f(X) cannot split in a proper subfield Bfcontain

ing K for if L is an intermediate field di/K andf(x) splits inL, then all
roots of f(X) will be in L, in particular eachs, will be in L, thusE =

s(@a, -...a) < K@a, ...,.a) S L. HenceE is a splitting field off(x)

overk. O

Theorem 55.8 leads us to

55.9 Definition: Let E/K be a field extension. I is algebraic ovekK
and if everyirreducible polynomial irK[x] that has a root ik in fact
splits inE, thenE is said to benormal over K andE/K is called anormal
extension

With this terminology, Theorem 55.8 reads as follows.

55.8 Theorem:A finite dimensionaéxtension EK is a normal exten
sion if and only if E is a splitting field over K of a polynomial [(f][K O

55.10 Theorem:Let EZK be a finite dimensional field extensidn is
Galois over K if and only if E is normal and separable over K

Proof: This is immediate from Theorem 55.7(2) and Theorem 55.8.

55.11 Theorem:Let EZK be a finite dimensional field extensidrnhere
is an extension field N of E such that

(i) N is normal over K

(i) no proper subfield of N containing E is normal over K

(i) IN:K| is finite

(iv) N is Galois over K if and only if E is separable over K
Moreover if N is another extension field of E with the same properties
then N and Nare E-isomorphic
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Proof: Let {a,,a, ....,a } be aK-basis ofE and letf(x) € K[x] be the
minimal polynomial ofa; overK. We putf(X) = f,(9f,(x). .. f_(X) € K[x].
LetN be a splitting field off(x) overE, with [N:f finite (Theorem 53.6).
We claimN has the properties stated abo®acelN:E and/EK| are both
finite, INKK| is finite. This provegii).

To establish (i), we show thal is a splitting field of f(x) over K
(Theorem 55.8). Certainlf{x) splits inN, becausél is a splitting field of
f(xX) overE. Nowwe have to prove thd{x) does not split in any proper

subfield ofN containingK. If L is an intermediate field d¥/K in which
f() splits, therlL contains all roots di(X), hence §,,a,, ...,a } < L, hence

E=s(a,a, ....8) € K(@,a, ...,.a )L = N; soL, in whichf(x) splits, is an
intermediate field oN/E; soL = E sinceN is a splitting field off(x) over
E. ThusN is indeed a splitting field dfx) overk.

Now (i). If L is a proper subfield o containingE, thenL cannot be
normal overK. OtherwiselL, containing a root, of f(x), would in fact

contain all roots of,(X) by normality, hencé would contain all theoots

of f(x), thusL would contairE and all roots of(x). ThenL would contain
H, whereH is the subfield oN generated bthe roots off(x) overE. But

H is the unique splitting field of(xX) which is an intermediate field of
N/E (Example 53.5(d) soN = H ¢ L and this forcesL = N. This
establishesiif.

(iv) If N is Galois oveK, thenN is separable ovderand the intermediate
field E of N/K is also separable ov&r(Lemma 55.6). Conversely, His
separable ovekK, thena are separable ove, so f(X) are separable
over K and N is a splitting field overK of a polynomial f(xX) whose
irreducible divisors areseparable overlK. Thus N is Galois overK
(Theorem 55.7).

Finally, letN” be any extensiofield satisfying(i),(ii),(ii)). Asa, € E< N"and
N” is normal oveK, the fieldN" contains all root®f the minimal poly
nomialf,(x) overK, henceN” contains all roots di(x), henceN” contains a
splitting fieldH” of f(X) overK. ThenH” is normalover K (Theorem 55.8).
Because of the condition)( we getH” =N". HencelN~ is a splittindfield of
f(xX) overK. From Example 53.5(e), we deduce tNatis also a splitting
field of f(X) overE. Thus bothN andN" are splitting fields of(x) overE
and therefor&d andN” areE-isomorphic (Theorem 53.8). O

688



55.12 Definition: Let E/K be a finite dimensional field extension. An
extension fieldN of E as in Theorem 55.11 is callech@ermal closure of E
over K

Since a normal closure &foverK is uniqueto within anE-isomorphism,
we sometimes speak tiie normal closure of overk.

The field@(i/z,w) is a normal closuref @(i/z) over (). Likewise@(é\l/z,i)

4
is a normal closure @(\/E) over{).

Our next topic ighe so-called primitive element theorem which states
that a finitely generateseparable extension is in fact a simple exten
sion. This theorem is due to Abel, but thret complete proof was given
by Galois. The elements of a finitedyenerated separable extension can

therefore be expessed in the extremely convenient E)ragui, where
i

uis a primitive element of the extension anere in the base field.

55.13 Theorem:Let E/K be an algebraiseparable extension of fields
and gb € E. Then there is an element c iak) such that Ka,b) = K(c).

Proof: We distinguish two cases accordingKarss a finite or annfinite
field.

If Kis finite, thenK(a,b) is finite dimensional oveK (Theorem 50.12)
and hasK|K@PKl glements. Hend&(a,b) is finite andits characteristic is
p=O0, thus[Fp c K(a,b) andK(a,b) = [Fp(c) for somec in K(a,b) (Theorem

52.19(1);c can be chosen as a generator of the cyclic gt¢uip)). Then

K(a,b) = K(c).

Assume nowK is infinite. Let N be a normal closure ofE over K
(Theorem 55.11). Lef(x) € K[x] be the minimal polynomial od over K
andg(x) € K[x] the minimal polynomial ob overK. Sincea,b € EC N and
N is normal ovek, all roots off(x) andg(x) lie in N.
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Leta=a,a, ....a, € N be the roots df(x) andb=b,b,,... . b_ € N be the
roots ofg(x). SinceE is separable oveé( a andb are separable ov&rso
f(X) andg(x) are separable ov&r soa, # a wheni #j (i,j = 1,2,...,n) and
b = b whenk=I (k| =1,2,....m).

There are finitely many elementsNrof the form

b Ny o
a-a (j=12,...nkl=12..mizj).

SinceK is assumetb be infinite, there is a € K which is distinct from
all theself_-b,)/(a, - a,J). Hence

aiu+b|;»‘aju+bk unless =) andk =1. &)

With thisu, we putc =au+b =a,u+b,. Weclaim K(a,b) = K(c). Certainly
K(c) € K(a,b). In order to prove(a,b) < K(c), we mustshow a,b € K(c).
Sinceb =c - au, the relatiom € K(c) implies b € K(c). Hence we need
only provea € K(c). We do this by showing - a € K(c)[x]. We shall see
thatx - a is a greatest common divisor of two polynomial&(@)[x].

Now a =a, is a root off(x) and ofg(c - ux). These are polynomials in
K(c)[X]. Thusx - a is a divisor of thgreatest common divisor &fx) and
g(c - u$<). On the other hand, any rap®of f(x) distinctfrom a, cannot be
a root ofg(c - ux), because thea - ua, would be a root of(x), hences,
would beequal to one ob =b,,b,, ..., b, contrary to ). Thusa =a, is
the only common root of(xX) and g(c - ux). Thus x - a is a greatest
common divisor of the polynomialgx) andg(c - ux) in K(¢)[X] andXx - a
itself is inK(c)[X]. This givesa ¢ K(é) and completes the proof. O

We can now prove that eveffynitely generated algebraic separable
extension is a simple extension.

55.14 Theorem:Let EZK be an algebraiseparable extension of fields
and assume EK(a,a,, ...,a ). Then there is an element c in E such that

E = K(c).

Proof: We make induction orm. The claim is true whemm = 2 by
Theorem 55.1%with E = K(a,b)). If the assertion is proved fon - 1,
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thenK(a,a,, ....a ;) =K(c,) for somec, and therefore we ha¥ga, a,, ...
a ) =K@,a, ....a_ @) =K(,)@,) =K(,,a,) =K(c) for somec € E.
O

We give auseful characterization of simple algebraic extensions. This
yields an alternative proof of Theorem 55.14.

55.15 Theorem:Let EZK be a finite dimensional extension of fieldss
a simple extension of K if and omiythere are only finitely many inter
mediate fields of K.

Proof: Assume first thaE is a simpleextension ofK, sayE = K(c). We
want to show that there afimitely many intermediate fields. We will
show that each intermediate field ©/K is uniquely determined b#
divisor of the minimal polynomial af overK.

Let f(X) € K[x] be the minimal polynomial ot over K. Let L be an
intermediate field oE/K and letg(x) € L[x] be theminimal polynomial
of c overL. The fieldL is generated ovet by the coefficients ofj(x). To
see this, leg(x) = i aixi (witha = 1) andM =K(a,a, ...a,). Sinceg(x)
i=0

is inL[x], we havela,,a, ...,.a} = L andK(a;a, ...,a) S L. ThusM c L
and|EM| = |EL| =|K(c):L| =|L(c):LI =deg dX) = m. On the other hand,
is a root of a polynomial(x) in M[x] of degreem, so the degree of the
minimal polynomial ofc over M is at mostm, so [EM| = [K(c):M| =
IM(c):M| << m (Theorem50.7). ThereforeEM| = m = |L(c):L| = |[EL|l and
consequentlyL:K| = IM:K|. Together withM c L, this givesM = L (Lemma
42.15(2).

Therefore each intermediate fieldof E/K is uniquelydetermined by
theminimal polynomialg(x) of the primitive element over that inter
mediate fieldL. We knowg(x) dividesf(x) in L[X] (Lemma 50.5). LeWN
be a normal closure &overK. ThenN containsall roots off(x) andf(x)
splits inN. Of courseg(x) dividesf(x) in N[X] and, sinceN[x] is aunique
factorization domaing(x) is a product of some of the linear factofs
f(x) in N[X]. Since, iNN[X], there are only finitely many monic divisors of
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f(x), there is only a finite number of possibilities fi§fk) andthere are
only a finite number of intermediate fields

Assume conversely that there is only a finite numddferintermediate
fields of E/K. If K is finite, so isE andE is asimple extension of its prime
subfield and oK (Theorem 52.19(3) So we may suppose is infinite.
We choose an elementin E such thatK(c):K| is as large as possible. In
other words|K(c):K| = |[K(b):K| for anyb € E. With thisc, we claimE =
K(c). Otherwise, there is am ¢ E\K(c). As k rangesthrough the infinite
setK, weget finitely many intermediate fieldgqc + eK). Thus there are
kandk in K such thak # k andK(c + eK = K(c + eK). Thenc + ek and
c +eK are inK(c + eK), then their difference(k - K) is inK(c + e, then
eis inK(c + ek, henceskis alsoin K(c + eK and finallyc = (c + ek - ek
is inK(c +eK. Thusec € K(c + ek. SoK(c) € K(c +eK. Sincee € K(c + ek
and e ¢ K(c), we getK(c) c K(c + ek and thuslK(c):K|] < |[K(c + eR:K|
(Lemma 42.15(2) a contradiction. Hende= K(c).

O

Theorem 55.14 follows vergasily from Theorem 55.15. SuppoBe=
K(a,a,, ...,.a ) is an algebraic separable extensiok.aVefind a normal
closureN of K overE. ThenN is Galois oveK and finitedimensional over
K (Theorem 55.11). The Galois group of the extensiffis thus finite
and it has finitely many subgroupBy the fundamental theorem of
Galoistheory, there are finitely many intermediate fieldN&K and so
finitely many intermediate fields &/K. Theorem 55.15 states tHats

a simple extension df.

We proceed to prove the converse of LemBwm6. We need some
prepatory lemmas, which are of intrinsic interest as well.

55.16 Lemma:LetE/K be an extension of fields of characteristie P
and let ac E. Assume a is algebraic over Khen a is separable over K if
and only if Ka) =K(aP).

Proof: Suppose first that is separable ovet. Thena is also separable
overK(aP) by Lemma 55.5. Lag(xX) € K(aP)[x] be the minimapolynomial
of a over K(aP). Thus all roots ofj(x) are simple. Since is a root of the
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polynomialxP - aP € K(aP)[xX], we haveg(x)IxP - aP in K(aP)[X]. Therefore
g(X)IxP - aP andg(X)I(x - a)P in E[X]. Sog(xX) = (x - a)™ for somem such
that 1<< m << p. Sinceg(x) has no multiple roots, we get = 1. Then
g(X) =x - a € K(aP)[X] and consequently € K(aP). This givesk(a) ¢ K(aP)
and, sinceK(aP) c K(a) in any case, we obtakik{a) = K(aP).

Converselysuppose that(a) = K(aP). We want to show that is separ
able overK. Let f(xX) be the minimal polynomial of over K. If a is not
separable oveX, thenf(x) has the fornf(x) = g(xP) for someg(x) € K[x].
Hereg(X) is irreducible oveK becausg(x) is not a unit irK[x] (for f(x),
being irreducible oveX, is not a unit irkK[x]) and any factorizatiog(x) =
r(x)s(x) with deg (x) # O # deg $x) would give a proper factorization
f(xX) = r(xP)s(xP) with deg (xP) = 0 # deg $xP), contrary to the irre
ducibility of f(xX) overK. Clearlyg(x) is a monic polynomiahnd, since 0O =
f(a) = g(aP), we see thaaP is a root ofg(x). Thusg(x) is the minimal
polynomial ofaP overK (Theorem 50.3). Of coursideg {x) = p-deg dXx)
and
|K(a):Kl =deg {X) = p(deg dx)) > deg dx) =IK(aP):KI.

HenceK(aP) is a proper subspace of th&-vector spacek(a) (Lemma
42.15(2), contrary to the hypotheski€a) = K(aP). ConsequentlyK(a) =
K(aP) implies that is separable ove: O

55.17 Lemma:Let EZK be a finite dimensional extensiarh fields of
characteristic pz O, say|EK| = n. Then the following are equivalent
(1) There is a K-basigu,,u,, ...,u} of E such thatu P,uP, ...,u P} is alsoa

K-basis of E
(2) For all K-basedt,t,, ...,t } of E {t, P,t.P, ... ;t P} is also a K-basis of E

(3) E is a separable extension of K

Proof: (1) = (2) Let{u,,u,, ...,u} be a such X-basis oft that

{uPuP, ... ,uP}is also aK-basisof E and let §,t,, ...t} be an arbitrary
K-basis ofE. In order to show thatt{P,t,P, ... t P} is a K-basis ofE, it
suffices to prove thatt{P,t,P, ...t P} spansk overK (Lemma 42.13(2)t.P
are mutually distincsincet.P - 1'1'0 =(t - 1'])'0 # 0 fori # j) and thus it
suffices to prove thatP € s (t,P,tP... .t P) foralli = 1,2,..,n. But this is

obvious: we have

u €s(tt, ... 1),
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u :klt1+k2t2+--- +kntn for somekJ € K,
uip = kl'otlp + kzpt2p+ ce + knptnp for somekjIO € K,

uP e s (PP ... tP).
(2) = (1) This is trivial.

(2) = (3) Suppose now that P,t.P, ...t P} is a K-basis ofE whenever
{t,t, ...t} is. Every element irt is algebraic oveK becausee/K is a

finite dimensional extension (TheorésQ.10). Thus we are to show that
every elemenb of E is separable oved. We do this by provindg((b) =
K(bP) (Lemma 55.16).

Letb € E. We putr =|K(b):K|. Thenr < nand {1b,b? ...,.b"} is a K-basis
of K(b). Weextend theK-linearly independent subset fb?, ... ,b"™} of
E to aK-basis {1bb? ...,b™ ¢ ..,.c.} of E, as is possible by virtuef

1
Theorem 42.14. Thefd,bP,(bP)?, ... ,(BP) ¢ P, ., ... c P} is also aK-basis
of E by hypothesis and so f°,bP)? ... . 0"} is a K-linearly

independent subsef K(b). Lemma 42.13(1) states that B?,(bP)?, . ..
.(bP)" ™} spansK(b) overK. SoK(b) < s (1,bP,(bP)?, ...,(b°)"™) = K(bP). This

provesK(b) = K(bP). Henceb is separable ovex:

(3) = (2) We assumE is separable ovef and {t .t ...t} is aK-basis
of E. We want to show that,t.P, ... t P} is a K-basis ofE. SincetP = ij
forizj, the set {P,L.P, ... .t P} has exactlyn = |[EK elements and, in view
of Lemma 42.13it suffices to prove thatt{P.t,P, ...t P} spansk overK.
So we put =5 (t,Pt.P, ... .t P) and try to show =E.

Our first step will be to establish thatis a subring ofE. In order to
prove this, we must only show tHats closed under multiplication. #

= Saitlp andb = ib}tjp are elements df (a,b € K), thenab = Saibjtlptjp,
i=1 =1 i=1

andL will closed under multiplication providetld’tlIo € L.As{tt, ...t}

is aK-basis ofE, there are elementﬁ( in K with tit] = S cijktk and so

tiptjp ) ijil Cﬁktkp € 5 (PP ...t P)=L. ThusL is a subring oE.
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SinceL containsk and {°,.t,F, ... ,t P}, and L is contained in the ring
KIt,PLP, ...t P, we getl =K[t, P,t.P, ...t P]. Now for eachi = 2,...,n, the
elementtP is algebraic ovek, so algebraic oveK(t,”, ... tF) and so
KP, .. tP)It] = K@tP ... tP)(t) (Theorem 50.6) and repeated
application of Lemma 49.6(2), Lemma.6(3) gived = K[t PtP, ...t P
=K@ PLP, ...t P). ThusL =K(t,P,L.P, ... .t P) andL is in fact a field.

We now proveE = K(t,P,.t,P, ...t P). Leta be an arbitrary element &
Thena is algebraic oveK and overl. (Lemma 50.5)Let f(X) € L[X] be
the minimal polynomial ofa over L. Sincea € s (t.t, ... ,t) and
thereforea® € s (t,P.LP ... .t P) =L, we seex’ - aP € L[x] anda is a root
of xP - aP. Thusf(x) dividesxP - aP in L[x]. We putxP - aP = f(X)%g(x),
where e > 1, g(X) € L[X{0} and (f(X),g(x)) ~ 1 in L[X]. Taking
derivatives, we obtain
0 =efx)* ()g(x) + f(>)g"(x),
g(X) dividesf(x)g (x) in L[X],
g(X) dividesg'(x) in L[X],
9°'(x) =0,
0 =ef(x) ' (x)g(x),
and sinceE is separable ovés, heref (x) =z 0, sof(X)® (X)g(x) = O and
e=0inL,
pe in/Z,
e=pmfor somem € N,
p = dedxP - aP) = pm(degf(x)) + deg dx),
m=1,deg {xX) = 1 andg(x) = 0,
e=p andg(X) = 1 (comparing leading coefficients),
(x - a)P =xP - aP =f(x)P,
X -a=%f(x) € L[X],
anda € L. This provesE ¢ L. HenceE = L = g (t,PtP, ... tP) and thus
{tPLP, ... .t P} is aK-basis of, as was to be proved. m|

55.18 Lemma:Let ZK be afield extension and a E. Then Ka) is a
separable extension of K if and only if a is separable over K

Proof: If K(a) is separable ove¢, then every element d&f(a) is separ
able oveK, in particulara is separable oved. Suppose nowa is separ
able (thus algebraic) ovet. We wish to prove that(a) is separable
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overK. The casehar K= 0 beingtrivial, we may assumehar K= p = O.
Let n =|K(a):K|. Then {1a,a%, ...,a"} is a K-basis ofKk(a) (Theorem 50.7).

Likewise {1aP,@P)? ...,@P)™1 is a K-basis ofk(aP), wherem = |[K(aP):K|.
Sincea is separable ovdst, we havek(aP) =K(a) (Lemma 55.16) anch =
IK(@P):K| = |K(@a):Kl = n. Thus {1aP,@P)? ... ,@")" 1 = {1P,@)P,@>", ...

,@" P} is also aK-basis ofK(a). ThusK(a) is separablever K by Lemma
55.17.0

55.19 Theorem:Let E/K be a finitedimensional field extension and let
L be an intermediate field of/KE. ThenE is separable over K if and only
if E is separable over L and L is separable over K

Proof: If E is separable oveK, thenE is separable ovek and L is
separable oveat (Lemma 55.6). Conversely, suppose thas separable
overL andL is separable oveét. We are to show that (E)is algebraic
overK and that (2) any element lhis separable ove4. SinceE/L and
L/K areseparable extensions, they are algebraic extension&/&nid
also algebraic by Theorem 50.16. Now the separability amfer K. The
casechar K= 0 being trivial, we assunohar K=p # 0. AsE/K is a finite
dimensional extension by hypothesisl| and|LK| are finite (Lemma
48.14). LetEL| =n and/LK| =m.

SinceE is separable ovér, there is am-basis @,.a,, ...,a_} of E suchthat
{a,PaP, ....a P} is also anL-basis ofE and,sincel is separable oveX,
there is &K-basis p,,b,, ...,b_} of L such that b,°b.P, ...,b P} is also aK-
basis ofL (Lemma 55.17). Thena{b]} is a K-basis ofE by the proof of
Theorem 48.13, and Iikewiscai?bjp} is aK-basisof E. Hence aibj} is a K-
basis oft suchthat {(aik)J)p} is also aK-basis ofE. From Lemma 55.17, it

follows thatE is separable ove: O

We close this paragraph with a brief discussion of perfect fields.

55.20 Definition: LetK be a field. Ifchar K= 0 or ifchar K=p # O and
for eacha € K, there is ab € K such thata = bP, thenK is said to be
perfect
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Thus in caseharK = p # 0,K is a perfect field if and only if the field
homomorphisnmp: K — K isonto K Then for eacl € K, there is a

u— uP
uniqueb € K suchthata = bP, for ¢ is one-to-one. This unigue will be

denoted by?/g.

For example, every finite field is perfect, forlﬁg; is a finite field and
char [Fq =p =z 0, then the one-to-one homomorphiqsrﬂflO| — [Fq (u— uP) is
[Fp—linear and thus ontEq by Theorem 42.22 (omore simply, because
the one-to-one mapping from the finite %qeinto [Fq must beonto [Fq).

55.21 Theorem:Let K bea field K is perfect if and only if every irre
ducible polynomial in K] is separable over K

Proof: The assertion is trivial in casbar K= 0, so assumkhat char K =
p = 0.

Suppose first that is perfect. Now, if(X) € K[X] is not separable ovd,

thenf(x) = g(xP) for someg(x) € K[x], sayg(x) = i aixi and
i=0

69 =90 = ) axP =3 Rla)xP=(3 1fa x)P
i=0 i=0 i=0

f(xX) cannot be irreducible ové&r Thus, ifK is a perfect field, then every

irreducible polynomial irK[X] is separable oveX.

Conversely, suppose that every irreducipbdynomial inK[X] is sepafr
able ovelK. We want to show thdtis perfect. Let € K. We musfind a
b in K with bP =a. So we consider the polynomidl - a € K[x]. We adjoin

a root% of xP - a to K and obtain the fielﬂ(%) (possiblyK c K(%)).
Then, inK(vg)[x], we have the factorizatiox® - a = (x - %)p. The mini
mal polynomial ofz/g overK is thus k - {/g)k for somek € {1,2,...,p}. So

(x - {/5)" iIs necessarily irreducible and, by hypothesis, separableKover
and hagherefore no multiple roots. This forc&s= 1. So the minimal

p p p
polynomial of\/g IS X - \/5 € K[X], which giveS\/g € K, as was to be
proved. O
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Consequently every algebraic extension of a perfect Kietdseparable
over K. Theorem 55.21 yields the corollary that evexgebraically
closed field is perfect, since any irreducible polynomial iraklgebraie

ally closed field is of firsegree and has therefore no multiple roots (is
separable over that field).

Exercises

5
1. Find a normal closure dilf(\/:_%,\/;) over(.
2. If E/K is a field extension an#@K| = 2, show thaE is normal oveKkK.

3. LetE/K be a field extension witlEKl = 3 and assume thé&tis not
normal ovelK. LetN be a normal closure &fover K. Show thatN:K| = 6
and that there is a unique intermediate fletwf N/K satisfying L:K| = 2.

4. LetN/K be a field extension and assume tha&a normal ovekK. Let L
be an intermediate field d¥/K. Prove thatL is normal oveK if and
only if Eis (K,N)-stable.

5. Find fieldsK € L € N such thall is normal oveL, L is normal oveK
butN is not normal ovekK.

6. Find fieldsKk € L € N such thatN:K| = 6,N is Galois oveK butL is not
Galois oveK.

7. Find fieldsKk € L € N such thatN:K| is finite, N is normal oveK butL
is not normal ovekK.

8. Find primitive elements for the extensidﬁ)s\/z,\/é), G;D(\/E,\/:_%,\/E),
O(2i), ©N25) of ©.

9. Find a splitting fieldK over [, of X%+ 1) +x + 2) € F5[X] and a

primitive element oK.
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10. Letp be a primenumber andxy two distinct indeterminates over
[Fp. LetE = [Fp(x,y) andK = [Fp(xp,yp). Show tha€k is not a simple extension

of K and find infinitely many intermediate fields EAK.

11. Prove the following generalization of Theorem 55.1K i a field,
K(a,a,, ...,a) is an algebraic extension kfanda,, ...,a  are separable

overkK, thenK(a, a,, ...,.a ) is a simple extension &f

12. LetK be a field and(a a,, ....a ) a finitely generated extensiohK.
Show thak(a,.a,, ...,a ) is separable ovésif and only if alla a,, ... a

m
are separable ové&r

13. Prove that Theorem 55.19 is valid without the hypothesifEtbhat
finite dimensional oveK. (Hint: Reducethe general case to the finite
dimensional case.)

14. LetL and M be intermediate fields of a field extensiBAK. Prove
that, ifL is separable ovdl, thenLM is separable ove.

15. Prove that every finite dimensional extensiomagberfect field is
perfect.

16. LetE/K be a finite dimensional field extension.Elfs perfect,show
thatK is also perfect.
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