856
Galois Group of a Polynomial

In this paragraph, we give some applications of Galois thewmryhe
theory of equations. We shall introduce resultaantsl discriminants,
and then discuss polynomial equatidh9 = 0, where f(X) is of degree
2,3,4.

56.1Lemma: Let K be a field andi(x) =a x" +a__ x""+--- +ax+a,,
g(x) =b X+ bmlx"*1 + -+ +b,x + by be nonzero polynomiala K[x]\K.
Assume that at least oneagb__ is distinct fromO. Then {x),g(x) have a
nonunit greatest common divisor ifKif andonly if there are nonzero
polynomialsg, (X).f,(X) € K[x] such that

f()9,(¥) =g()f,(x) and degf (X) < n,degg,(X) <m

Proof: One direction is clearlf f(x) andg(x) have anonunit greatest
common divisoh(X) in K[x], then f(xX) = h()f (X), g(x) = h(X)g,(x) with
some suitablé€ (x),g,(x) in K[x] and

degf,(X) =deg {X) - degh(X) < n-deg l{x) < n
sincedeg Hx) is greater than zero. Likewiskgg, (X) < m. We have of
coursef(x)g, (%) = f,09h()g,09 =, (9.

Conversely, assumfXx)g,(x) = g(x)f,(X) for some nonzero polynomials
.9, 9,(¥) in K[X] satisfyingdegf,(x) < n anddegg,(X) < m. We put
h(x) ~ (f(x),9(x)). We want to proveleg h{x) > 0. Write f(x) = h(X)F(X),
g(¥) = h(X)G(x). Then (F(x),G(x)) ~ 1 and f(x)g,(¥) = g()f,(x) gives
F(Q9,(X) = G(If,(X). Suppose, withoubss of generalitya # O, so that
deg {xX) = n. Now F(x) divides G(x)f,(x) and, as(F(x),G(x)) ~ 1, F(x)
dividesf,(x); thusdeg RX) < degf (xX) < n =degf(x) = deg RX) + deg
h(x) and we getleg t{x) > 0. This completes the proof.

O

LetK be a field and f(x) =a x"+ an_lx”'1+ e ta X +a,

gx) =b x"+b_ x™+ ... +bx+b,
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two polynomials inK[x], wherea_ # O orb_= O, sothatdeg {x) = n or
deg dx) = m From Lemma56.1, we know thaf(x) and g(x) have a
nonunit greatestommondivisor inK[X] if and only if there arelements
Cr1Cmo - €10 Ao -0, 0y, Where at least ong # O and at least
oneq # 0, such that

n n-1 m-1 m-2
(@ X +a X+ +ta x+ay)(c, X ~+c X T+ + ;X +Cp)

=0 x"+b X"+ +bx+b)(d, X"Hd X"+ +dx+d). ()

This polynomial equation is equivalent to the system of equations:

ancm—l = bmdn—l
anCrn—2 + an—lcm—l = bmdn—z + brn—ldn—l
anCm—S + an—lcm—2 + an—ZCrn—l = bmdn—3 + bm—ldn—z + bm—2dn—1

a,Cy +ayc, =b,dy+byd;

a5Co = bty

This system can be written as

A Cm1 B bmdn—l =0

8 Cmo T 101 B bmdn—z B brn—ldn—l =
N R L ] B bmdn—3 B bm—ldn—z - bm—2dn—1 =0
a,Cy *+ 3,0, - bldo - bodl =0
2o - byt =0

or as

A Cmn1 _bmdn—l =0
& 1%m1 T 0o _bm—ldn—l B bmdn—2 =0
T T N _bm—zdn—l B bm—ldn—z B bmdn—3 =0
ac,, *taC,, *a0C.s =0
%Cm_l +a1Cm_2 + a20m_3 ......... =0
aCno T 30,3 =0
a,C, +a,C, - bodl - bldo =0
2o - byt =0
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We write this system in matrix form:

m columns n columns
a 0 O O b 0 O O ¢, =0
P 0] 0] 1 bm 0] 0] Cryo 0]
a ., a,., a, 0] b., b, b, - 0] Crns 0
o o o .. a O O O .. by -d =0

Let A denotethe matrix of this system. Then the polynomitls,g(x)
have a nonunit greatest commailivisor if and only if the matrix
equationAX = 0 has a solution

X=( C_ ..oy -d_.-d__, -d -d,, -d)"

m—l’Cm—Z’ m-3 T To n-1’ n-2’ n-3"""’

in which at least one z O andat least on@g #Z 0. From the equation (*)
and the facthat K[x] has no zero divisors, we deduce that, in a solution
X=(Cpq - ~Ad)t of AX = 0,there is at least one = O if and only if
there is at least orqa;f 0. Thus thgolynomialsf(x),g(x) have a nonunit
greatest common divisor if and onfythe matrix equatiolAX = O has a
nontrivial solution. This is the case if and onlydét A= 0 (Theorem
45.3). Sincadet A= det A, we get thaf(x),g(X) have a nonunit greatest
common divisor if and only iflet A = 0. We proved the

56.2 Theorem:Let K be a field andX) =a x" + an_lx”'1 +oo FaX +a,
g(x) = bmxm+ bmlx”*1+ -+ + b X+ b, be polynomials in K]\K, where at
least one of_b_is distinctfrom 0. Then ) and dX) have a nonunit

greatest common divisor i if and only if the determinant

a, a,q a, a, 0] o o 0] 0]
o a, a,,; 8y a, o o 0] 0]
o o a, a,; 8y a, o 0] 0]
0 an an—l o al aO
m m-1 bl 6]
m brn—l 1 6} 0



is equal to zero O

56.3 Definition: LetK be a field andi(x) = anx” + an_lx”‘1+ et a X ta,

9(x) =b xM+ bmlx”*1+ -+ + b X + by polynomials irK[x]. The determinant

a‘nan—l"' alao

b b _,.. b b
bm bm—l ’ bl lDO
bm bm—l ' bl b0
b b ... b b

(empty placesre to be filled with zeroes) is called thesultant of fx)
and x), and is denoted ¥(f,g) or by R(f(x),g(X)).

56.4 Remark: Notice thatan and brn can be zero irDefinition 56.3.

There is ambiguity in this definitiomnd notation: the resultant depends
not only on f(xX) and g(x), but also on thenumber of apparent
coefficients, a point neglected in almost every béak. example, lef(x)
=ax"+a X"+ +ax+a;andg(x) =b xM+b X"+ ... +bXx+Db,
1 1

XM+ b XM+ b XM+ + b x+ b,
Then of coursgy(x) = h(x) but R(f,h) has one more column thaggf,g)
and the expansioof R(f,h) along the first column givek(f,h) = a R(f,9),

soR(f,h) # R(f,g) (unlessa_ =1 orR(f,g) = 0). Thus adding an initial term
to g(x) with coefficient O changei(f,g) to a R(f,g). Consequently, if

f(x) =a x"+a_ X C+a X +a,

g =b x"+b__ x™+..- +bx+bjandb_=b . =---=b_ . =0, =0,

==
G(X) =X+ b _ XM+ .- +bx+D,

again, and lelp_, . =0,h(X) =b_,

g .
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then g(x) is obtained fromG(x) by addingm - k initial terms bmxm,
b, X" ..., b, X" with coefficient 0 and sB(f.g) = a ™ R(f,G).

m-1

Definition 56.3 gives a new formulation of Theorem 56.2

56.2Theorem: Let K be a field and%) =a x" +a__ x""+--- +ax +a,,
g(x) =b x"+ bmlx”*1+ -+ +b,x + by be polynomials in K]\K, where at
least one of_b_is distinctfrom 0. Then ) and dX) have a nonunit

greatest common divisor inX if and only if Rf,g) = O.

We give some product formulder the resultant of two polynomials.
These formulas make it evidahtaat the resultant is O if and only if the
polynomials have a nontrivial common factor.

56.5 Theorem:Let K be a field and,,u,, ...,u y,.y,, ...,y , indetermi

nates over KLeta_b_be nonzero elements of K aled x be an indeter
minate over K distinct from all of ,u,, ..., u, v,\y,, ...y, Letf(x) and
g(x) be polynomials i(u,u,, ....u_y..y,, ...,y J[X] defined by

f) =a (X-u)(X-w)...(x-u)

g(x) =b (X-y)X-V,)...(X-y ).
Then the following hold

(1) R(fg) is in Ha_u,u,, ... ,u b y.y, ...y ] where P is the prime
subfield of K

@rao =, [1 ] @ -
i=1 j=
@R =a7 [ ow).
@R = D™, [] 1.
!

Proof: We put
— n n1_, ..
f(x) =a x"+a X"+ ta;x+a,,
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g() =b xM+b__x"'+... +bx+Db,

whereai,bJ € K(ul,uz, WYY ym) ThusR(f,g) is a determinant of a

matrix whose entries a\g,a, ,a,, ...,an,bo,bl,bz, ...,bm and 0. Hence the

entries of the matrix are Rjaga,a,, ...,a b,b;b, ....b ] and the deter

minant R(f,g) itself is also inP[ao,al,aZ, ...,an,bo,bl,bz, coobl (Remark
44.2(2). Since each,/a_, aside from a&ign, is an elementary symmetric

polynomial inu,u, ... ,u, and since the coefficients of elementary

symmetric polynomials are in the prime subfiB]dve get

a/a, € Plu,u, ...,u]foralli=1,2,..n

S.o ea.c:hai is in ?[aIn,ul,uz, coou] € Plauu, ..o u b oy, Y
Likewise eacrbJ is inPla_u,u, ....u b vy, ....y ]. Consequently

R(f,9) € Plaga,.a,, ....a bbb, ....b ] S Pla u,u,....ub y.y, ..yl

This proves (1). Now ldt =P[a_u,.u,, ...,u b Vv .y, ...,y |. We put
s=am [ [] w-wetL
i=1 j=1
We have g(x) =b_ |m| (x-¥),
j=1
o) =6, [1 @ -y,
j=
[ ow =61 [] @-w.
i=1 =1 j=1
and thus s =am[] a(w). 0)
i=1
In like manner, fronf(x) =a_ |n| X-u)= (—l)”an |n| (u - x), we get
i=1 i=1
1) =D, [] @ -y,
[ fop =[] (e, [T @-w)
i= 1=

=1

fl fop =comarfl 1 e -
=1 i=

=1
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S = )™M |"1 (). )
L

Now letf (x) be the polynomial obtaindly substitutingyj for u in f(X).
Thus fo) =a (X-u)...(x-u_))(X- yj)(x -u,)(X-u)
€ P,y ....u_u_ ... .u b y.y, ... yIIX.

Then the polynomial§,(X) andg(X) in

P(a,u, ....u_ U, ., ... .ub vy, ...y JIX
have a common factor- Y, and therefor&(f,,g) = O.
Thus R(f,g) € L, regarded as a polynomial in

Pla, u, ... .U_ U, u b oy, oy U]
has the valu&(f,g) = O whenyj is substitutedor u. SoR(f,g) has the
rootyj. Sou - Y, dividesR(f,g) in

Pla,u;, ... .U _ U o, u by, oy Ju] =L

This is true for all =1,2,...,nand for all =1,2,.... m. Since anyu, - Y, IS
irreducible inL, andu, - Y, is distinctfrom u.. - Y wheneveri() = ("),
the polynomialsu, - y, are pairwise relatively prime. Thug(f,g) is

divisible, inL, by their product

M w-w
=1 j=1

It follows that R(f,g) is divisible by

s=any [ [] @ -y
=1 j=1
in M[u,w,, ....u_y,y,, ...y, |, where we puM =P(a_ b ).

Let us writeH = R(f,g)/S. Basically, we will argue thak(f,g) andS are
both homogeneous (835, Ex. 4) of the same degree and concludaghat
a constant. Comparison of a monomagpearing in these polynomials
will yield that this constant must be equwall, whenceR(f,g) = S. The
details are rather tedious.
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From (i), we see th&¥/a ' = ﬁ g(u)

= (b um+---)(bmu2m+ DENCHTRESRY
=B u"u,™
€ P[bm,yl,yz, ...,ym][ul,uz, U

is a symmetric polynomial i ,u,, ... ,u overP[b vy, ...y, and
hence there is a unique polynomlall in n indeterminates over the
integral domairP[b_y, .y, ...y, ] such that

S/aj =h(-a _,7/a,a S/a, ...,7a,/a_, +aj/a).

n-

Let us recall thath is obtained fromS/a;ln by subtracting symmetric

polynomials of the form

yglkl-kzczkz-ks_ B Gn_lkn-l'kn Gnkn’ Yy € P[b V. Yo, .Y,

whereyu M2 . u "1k are certain monomials appearing Sta™
We havem = k; by Lemma 38.8(2) since the leading monomiastmf"
isBlu "u,™..u™ A symmetric polynomial of the form above gives rise

to a term
y(-a_,/a)ate(a sa )yt (za/a yerkn(za /a ),

which is (11§1n)kl times a polynomial iR[b_v,.V,, ...y, l[a5a,, -...a,,]- As
m = k, for each of the terms i, we seearr‘]“h1 is a polynomial in
P[bm’ylyyzi = ,ym][ao,al, " n 1,8. ] ThUS

S=@N(s/al) =ath (-a _,/a,a _/a., ..., 7a,/a , a /a),
SePb_ Y, Yy - Y8y 2 2] (i)

andS = h(a,a,, ....a,,.a,), whereh is a polynomial im + 1 indeterm

n-1’
nates oveP[b_.y..y,, ...,y ] (Lemma 49.5(1)

Also R(f,9) € P[bo,bl,bz, .. bm][ao a8, ...a ]
< Plb,Y; Yo - ¥dlagay, -, 1,an]

and, together witljii), we obtain

H=R(f,9)/S € P[b_y,.Y,. ... ¥ J(aga,, -...a,_;.8)-
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ThusH € Mly,y,, ...y Jlu,u, ... .u] is symmetric inu,u, ...,u and

therefore
H=k(-a _,/7a,a ,/a., ... 7a,/a  a,/a)

for some polynomiak in n indeterminates ovem[b_y,.y,, ...,y ], which
givesH € M[b_y..y,,, ...y lla,a,, ....a_.a] (Lemma 49.5(1)

Now H = R(f,9)/S = R(f.9)/h(a,a,, ... ,a,,a). Note that multiplying the
coefficientsa_a__;. ...,a,,a, of f(x) by anindeterminatet does not change
the rootsu ,u,, ...,u of f(x), but, in view of (i), changesto t™S, so that

h(ta_ta_,, ....ta;ta)) =tTh(a, a,_,, 2.8

Likewise multiplying the coefficients a .a,85 of f(x) by an

1o
indeterminata changes(f,g) to t"R(f,g), asthe determinanR(f,g) has
M rows consisting of zeroes and the coefficientd. oFhusH does not
change when the coefficientsfofre multiplied byt. But any monomial

ya ©a . .a ko (Y eMb vy, ...y 1]

changes then tg(ta))*(ta))*. .. (ta )k~ = thotkar*hayg kog ka g K Thus
the exponent system of any monomyal*a .. .a ¥ appearing irH is
such thatg, +k +--- + k = 0. This meang, =k, =--- =k = 0 forall
monomialsya ®a, ... a ¥ appearing irH andH is a "constant”, i.eH is
in M[b_v,.Y,, - ¥,

Repeating the same argument V\Bﬂln?n in place ofS/a?, we get that
isinM[a_u,u, ...,.u]. SoH e M=P(a_b ) c K

ThusR(f,g) = HS for someH € K. The constant term i = L“ ﬁ g(u) is
i=1

equal toal'bfl. SoR(f,g) must have serm Habl. Now R(f,g) has the term
a’of, the product of the entries in the principal diagonal. Hethce 1
andR(f,g) = S. This proves (2). From (i) and)( we get the equations in

(3) and (4). O

56.6 Lemma: Let K be a field and(x),g(xX) polynomials of positive
degree in K], say deg (k) = n and deg ) = m. Let a_ be the leading
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coefficient of () andb_ the leading coefficient of(g). Letr r,, ... r, be
roots of {x) ands,s,, ...,s, roots of gx) in a splitting field of )g(x)

over K Then

Rt =amen [1 [l ¢ -) = am ﬁl or) = 1™ ﬂ (s).
i= i=

i=1 j=1

Proof: In a splitting field off(x)g(x) overK, we have the factorizations
fO) =a (x-rpXx-ry)...(x-r)
g(x) =b (X-s)(X-s)...(x-s).
Thusf(x) andg(x) are obtained from
FO) =a (X-u)(xX-uw)...(x-u)
G() = b, (X~ V)X~ Vp)... (X~ V),
whereu,,u,, ...,u., vy, ...y, are indeterminates ovir by substituting
r; for u, andsJ for Y- Since

RFE) =am [ ] @ -y =an[] o) = como [ fo)
i=1 j=1 i=1 j=1
by Theorem 56.5, this substitution gives

R(f,g) = amy! _|”]1 |”1 (r,-s)=a] _|”]1 o(r) = C1)™ ﬂ ) o
=1 j= i= j=

56.7 Lemma:Let K be a fieldLet

— n n-1
f(x) =ax"+a_ ;X

+ +a X +ag

be a polynomial of degree n irXAK and

g =b xM+b_ X"+ + b x+by
a polynomial in KX]\K, possiblyb = 0.Letr,r,, ...,r bethe roots of (k)
in some splitting field ofX) overK. Then

R =ay [ o0

Proof: Assume firsto = 0. LetF be a splitting field off(x) overK in

whichr r, ...,r_lie and letE be a splitting fieldof g(x) over F so that

both f(X) and g(x) split completely inE. Then R(f,g) = aﬂ“ ﬁ g(r;) by
i=1

Lemma 56.6.

Assume novb = 0 and lek be the largeshdex for whichb_z 0. Thus

b,=b, ,=-=Db_,, =0 andb_z 0. We putG(x) = bkxk+ bk_lxk-1+ cee ¥
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b1x+ bo. We geiR(f,g) = an”*kR(f,G) from Remark 56.4 and we ha€f,G)
= ar'f |D]G(ri) by what we have just proved. Sin@ég;) = g(r;) for anyi =
i=1

1,2,...,n, we obtain
R(F.g) =a™R(f.0) = a™<ak [a(r.) =a™ []6(r.) =a™ []a(r.).
i=1 i=1 i=1

This completes the proof. O

56.8Definition: LetK be a field andf(xX) a nonzero polynomial if[X]
of positive degree. Leta_  be the leading coefficient 6fx) and let
r,r, ....r, be the roots of(x) in some splitting fielce of f(xX) over K.
Then
a2z |_| (r, - rj)2 €E

i<<j

is called thadiscriminant of x) and is denoted bi(f).

It seems as though the discriminantf@f) depended on the splitting
field E we choose and we had to call it actually the discriminaf{xpin

E and denoted byD.(f). However, there is no need to refer the
splitting field since the discriminant is in fact an element of the field
This we prove in the next theorem.

In the next theorem, ifi(x) = a x" + an_lx”'1 + +aXx+a,andf(x) =
nanx”'1 + (n - 1)an_1x”'2 +... +a,, thenR(ff) is understoodo be the
determinant withn + (n - 1) rows, the firsh - 1 rows being
a,a. 4 & 3,
surrounded with zeroes and the ladkeing
na, (n-1)a_, ...,

surrounded with zeroes, evem# =0, (- 1)a__,= O, etc. (this happens
whencharK = p # O andpin, a_,= O, etc.). In other words, we define

R(f.f) as iff" is of degreen - 1, although the degree &f may be less
thann - 1 (cf. Remark 56.4).
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56.9 Theorem:Let K be a field andX) a polynomial opositive degree
n and leta_ be the leading coefficient &fx). Then the discriminant (@)

of f(x) is in K In fact R(ff') = (-1)""% D(f).

Proof: Let E be a splitting field of(x) overK and letr r,, ...,r  be the

roots of f(x) in E. We evaluateR(f,f’). We haveR(f,f) = az'lﬁf’(ri) by
i=1

Lemma56.7. We must find"(r;). Fromf(xX) =a (x - r)(x-r,)...(Xx-r),

we get

f(x) = il a (x-r)...(x- rj_l)(x - rj+1). L (X-r)
IE

SYo () =a,(r-r).. (G - )G - ) (G- 1) =a, ID] (r = 1p)-
j=1

jei

17

Thus R(f.f) = aﬂ‘lﬁlf’(ri) =at ﬁl (a, |n| (r; - rj)) = a2t |D] (r;-1)
i= 1= J=1

ji

=a_ a2 [] - r) = a_a2"? |_| (r - 1) |_| (r,-r)
j<<i

1% i<<|

= an.aﬁn—Z |_| (ri - rj) JD (—:l.)(rJ - ri)

i< i

=a a2 _|'| (r, - 1) _|'|_ D - 1)

i<<j i<<j

—a _a2n—2 |_| (ri _ rJ) . (_l)(n—1)+(n-2)+...+2+1 |_| (ri _ rj)

i<j i<j

— (_1)n(n—1)/2an_aﬁn—2 |_| (ri _ rj)2 — (_1)n(n—1)/2anD(f)_

i <<

O

56.10 Examples(a) LetK be a field an@dx® + bx+c € K[x], with a = O.
The discriminant of(x) is (1)a™ times the resultant

a b c a b ¢ b Lo
2a b 0l = 0 -b -2Zc =fa | =a(b®+4ag=-ab’-
O 2a b O 2a
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hence the discriminant &) is b® - 4ac.

(b) LetK be a field and® + px+ g € K[X]. The discriminant of(x) is
(-1)*2/2171 times the resultant

1 0pqgoO 10 p q O
1 0

O010pqg 0O1 O P q 0—2p—§q8
30pO0OO0O| =00-2p -3 0] = 3 0 0
030poO 03 0 p O o 3 8
0030p 00 3 0 p P

1 0 p g 2p 3q O

10 -2p -3qg O | _ .3 >

= O 2p 39| = 4° + 27".

O O -2p -3q 3 0

0 3 0 p P

So the discriminant d{x) is equal to-4p° - 2797

We now turn our attention to polynomial equations.

56.11Lemma: (1) Let E/K, E /K, be field extension&ssume that there
are field isomorphismg K — Ky andy: E— E and thaty is an extension
ofp. Then At LE= A .

® o E = At E

(2) Let K be a field and(X) a polynomial in KX]\K. Let E and Fbe two
splitting fields of ¢x) over K Then Ag E = Aut F.

Proof: (1) For anyoc € AuUtE consider the mapping oy : E, - E.
Clearlyy ™oy is a field isomorphism (Lemma 48.10). Moreover, for any
€ K,, there is a unique € K with ay =ap = a , i.e.,a e’ =ay™ = a and
a, oy = @y oy = @)ooy = (ac)p = ap = a,, SOy oy is in fact akK,-
automorphism oE,. Thus we have a mapping

A: AutKE — AutKlE1
c — lp'lotp

Now (@)A = ¢ (o1)y = (W op)(w'ty) = 0ATA for anyo,t € AUt E, so Ais a
group homomorphism. Repeating the same argumigimtK,Ep,p andK,,

E.o ™ interchanged, we conclude that the mapping
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B: AUtKlEl — AutKE
6 — oyl
is an inverse of A, so A is one-to-one and oAtatK E1 Thus A is an
1
isomorphism and we gétut E = Aut  E .
1

(2) The fieldsE andF are K-isomorphic by Theorem 53.8, so the claim
follows immediately from part (1). O

Thus Galois groups of any two splitting fields (o¥grof f(x) are ise
morphic. This justifies the definite article in the next definition.

56.12Definition: LetK be a field and(x) a polynomial inK[x]\K. The
Galois groupAut, E of a splitting fieldt of f(X) overK is called theGalois
group of x) € K[X].

56.13 Examples(a) () is a splitting field of?® + 1 € Q[x] over@ and
hence the Galois group ®f + 1 € Q[x] is Aut,0(i) = C,.

(b) The Galoiggroup ofx> - 2 is {p,.05P50,%5P51 = S;. Here we used the

notation of Example 54.18(a).

(c) The Galois group ok* - 2is {(pl,cp2,<p3,<p4,<p5,cp6,<p7,cp8} = <o, = D8. Here
we used the notation of Examplg4.18(b). We know thatD, =
{£(13),(24),(12)(34),(13)(24),(14)(23),(1234),(143%}S,.

(d) Let p be a prime number. The field, is a splitting fieldof xP" - x
over [Fp(ExampIe53.5(f)). Hence the Galois group &f' - x ¢ [Fp[x] is
Aut[F[Fpn[x] = <o>, whereo is the homomorphisma — aP (Example
54.18(c).

56.14Theorem: Let K be a fieldf(x) a polynomial in KX]\K andlet G

be theGalois group of (). Then G is isomorphic to a subgroup of a
symmetric grougs,.
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Proof: LetE bea splitting field off(x) overK and leta a,, ... ,a, be the
distinct roots off(x) in E (1 < n << deg {x)). Any ¢ € G = Aut.E maps
anya, toaaJ and thus gives rise to a permutatipprE S, namelyi — j.
Thus% is given bya.¢p — ai%.

Now the mapping: G— S is a homomorphism of groups since, for any
=0
o,p € G, we have
o a (ey) = (@) = %, W=ay (putio_ =j)

= 3o, T Aoo, ~ o,y
fori=1,2,....nand S, = 9.9, Herep € Ker ¢ if and only if ap =a for
alli =1,2,...,n. Thus an automorphism Ker ¢ fixes each element &f
and fixes each,. Sincek is generated by overK (Example53.5(d), we
deduce that an automorphisnKer ¢ fixes all elements d&. ThusKer o
={#}. Soo is one-to-one and is isomorphic tdm o < S, O

The preceding proof is quite simplé.acts orthe set of distinct roots of
f(x), and the permutation representationis one-to-one;thus G is
isomorphic to a subgroup §f, andS, itself is isomorphic t& . We will
often identify the Galois group of a polynomiakith its isomorphic
images in§, and inS..

The Galois group of a polynomial reflects many imporfanaperties of
that polynomial. We describe how irreducibilityreflected in the Galois
group. It turns out that the decomposition k) into irreducible
polynomials is intimately connected with the partitioning of rib®ts
into disjoint orbits. Let us recall thatgroupG is said to act transitively

on a sei provided, for anyky € X, there is ag € G such thatxg =y
(Definition 25.11). IfG < S, acts transitively on {1,2,.,n}, then we shall

callG atransitive subgroup dd . ThusG < S, is transitive if and onl¥f,

for anyi,j € {1,2,...,n}, there is ar € G such thatr =j.

56.15 Examples(a) A subgroupG of S is transitive if and only if, for
anyi € {1,2,...,n}, there is a ¢ S, such that 4 =i. The necessity of this

condition is clear. Converselif, the condition is satisfied anijj are in
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{1,2,...,n}, there ares,1 € Gwith 16 =i and X =j, soc™t € G mapsi to j;
hence the condition is also sufficient.

(b) If H < G< S andH is transitive, the® is also transitive.

(c) A; = {4(123),(132)} is a transitive subgroup &f for there are
permutationss, in A; with 1o, =i for anyi =1,2,3, viz.o; = ¢ o, = (123)

ando, = (132). Therg, is of course anotheransitive subgroup ;. On

the othemhand, {,(12)} is not a transitive subgroup &f for there is no
permutations in {;,(12)} that maps 1 to 3. Likewise,{13)} and {;,(23)}

are not transitive subgroupsf S,. Certainly {} is not a transitive
subgroup of,. ThusA,; andS; are the only transitive subgroupssgf

(d) Leto = (12..n) € S. Then<s> is a transitive subgroup 8f since o

=i for anyi = 1,2,...,n.

(e) If Gis a transitive subgroup &f, so is anyonjugate ofG. Indeed, if
Gistransitive andr € S, then, for any,j € {1,2,...,n}, there is ac € G
that mapstitojtr? i.e..itlotr=j. Thus there is a' € G' that maps to j

andG' is therefore transitive.

() It follows from the last two examples thai(l1234) and its
conjugates(1324),<(1243) are transitive subgroups &f AlsoV,, =

{2,(12)(34).(13)(24).(14)(23)} is a transitiveubgroup ofS,. FromV, <
A, andV, < S, we seethat A, and S, are transitive subgroups &f.
Likewise D = {4,(13),(24),(12)(34),(13)(24),(14)(23),(1234),(1432)} and
its conjugates

{1,(12),(34),(13)(24),(12)(34),(14)(32),(1324),(1423)}

{,(14),(23),(12)(43),(14)(23),(13)(24),(1243),(1342)}
are transitive subgroups S,. On the other hand,;{12),(34),(12)(34)}

and its conjugates are not transitive subgroufss. of

56.16 Theorem:Let K be a field and lefi{x) € K[X] be a monic poly
nomial having no multiple roats et E be asplitting field of {X) and G=
Aut E the Galois group of(k). Letr r, €E be the roots of(k). Let
m, = 0andm_=n.

(1) Assume the notation so chosen that

1’r2’ .

{ror, ...,rml}, {rml+1,rml+2, ...,rmz}, {rmz+1,rmz+2, ...,rmg},
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e {r"k.1+1’r"1<.1+2’ e ,rmk}

are the disjoint orbits under the action@f Put
() = (x- rm_lﬂ)(x— rm_l+2)...(x— rm) € E[x] fori=1,2,.. .k
Thenf,(x) € K[X] andf,(x) is irreducible in Kx],so that
() =f,01,(X)... 1, (%)
is the canonical decompositionf@X) into irreducible polynomials in [K].

(2) Let {X) =f,(X)F,(X)...f, (X) be the canonical decomposition @f)finto

monic irreducible polynomials in[K and Ietrmi_lﬂ, rm_l+2, ...,rm be the
roots off,(x) (i =1,2,....K). Then
{ror,, or={rp.r,, ...,rml} U {rml+1,rml+2, ...,rmz} U {rmzﬂ,rmfz, ...,rmg}

U...u{r

r ol
me+17me+27 70 mk}

is the partitioning ofr .,r} into disjoint orbits under the action Gf

1,I’2,. .

Proof: (1) We first prove thak(x) € K[x]. The coefficients of,(x) =
(x - rm_lﬂ)(x - rm_l+2). (X - rm) are el-eme-ntary symmetric polynomiads
rm.ﬁl’ rmi_1+2, ...,rmi. Any automorphism i maps each one cblheserm_

41 rm_l+2, ...,rrn to one of them again and thus leaves the coefficients of

f.(x) unchanged. So the coefficientsf¢k) are in the fixed field o&. Now
f(xX) has no multipleroots, so the irreducible divisors of(x) are
separable ovéat and,sinceE is a splitting fieldof f(xX) overK, we inferE
is a Galois extension df (Theorem 55.7hand the fixed field ofG is
exactlyK. Hencef. (xX) € K[x].

We prove next that(x) is irreducible inK[x]. Let g(x) € K[x] be an
irreducible divisor off.(X). In E, there is a root of(x), sayrm +1- Then,
-1

for anyg € G, rmi_lﬂcp is also a root ofj(x). But {rm_lﬂcp: ¢ € G} = orbit of
r _is a root of

1™ mer fm e m+1 Tme2r o fm

g(X). These roots are distinct, fifix) has no multiple roots. Thg$x) has
at leastm - m_, distinct roots. Them - m_, < degg(x) < degf.(x) =
m - m_, and sa@(X) =f(x). Thusf.(xX) =g(X) is irreducible irK[X].

.,rm}. Thus each of

It follows thatf(x) = f,(X)f,(X).. . f, (X) is the canonical decomposition of

f(X) into irreducible polynomials iK[X].

(2) Suppose noW(x) =f,(X)f,(X)...f (X) is the canonical decomposition of

f(X) into irreducible polynomials iK[Xx]. We are to show thdhe roots of
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f.(x) make up the orbit afﬂ\.ﬁl' Indeed,if ¢ € G, then rm_lﬂcp is also a

root off,(xX) and thus:
orbit of rmi_1+1 c{r

r R
m,+1 Tm+2 ’m}

On the othehand, ifr € E is any root off(x), thenK(rm +p) =K(r) by a
-1
K-isomorphismy that sendsrmi 4+, tor (Theorem 53.2) andg can be
-1

extended to &-automorphismy (Theorem 53.7E is a splitting fieldof
f(x) overK(rm .1 and oveK(r) by Example 53.5(9) So there is @ € G
-1

with rm_lﬂcp =r and any root of f.(x) is in the orbit Ofm.ﬁl' Thus:
r T , ..., _} € orbit ofr :
{ m,+1 m,+2 ”\} m,+1
This completes the proof. O

56.17 Theorem:Let K be a fieldf(x) a polynomial of positive degree n
in K[X] and let G be the Galois group di¥. If f(X) is irreducible and

separable over Kthen n dividesG and G is isomorphic to a transitive
subgroup of_.

Proof: Let E be a splitting field of(xX) overK. ThenE is a Galois exten
sion ofK (Theorem 55.7) and, under the act@rnG, there is only one

orbit of the roots of(x). ThusG acts transitively on the set ajots of
f(X) and its isomorphic image B) acts transitively on {1,2,.,n}. SoG is

isomorphic to aransitive subgroup o§ . Furthermore, ifr € E is any
root of f(x), thenK(r) is an intermediate field &K and|K(r):K| = deg f=
n (Theorem 50.7) and, by the fundamental Theore@Gadbis theory,G
has a subgrouf(r)” of index |GK(r)'| = [K(r):K| = n. Son divides |G by
Lagrange's theorem. O

We shall regard the Galois group as a subgroi df will be interest
ing to determine the role &{ . This is connected with discriminants.

56.18 Theorem:Let K be a field such that char2 and let {x) € K[X].

Assume deg f = n> 0O and let E be a splitting field dff(x) over K
Suppose(X) has n distinct roots, 1, ... ,r in E. Put
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§ = _D_(ri—rj) =(r,-r)(r -ry)...(r_, -r)and d= 6§
i <]
(1) Fore € AUy E < S, there holdsby =8 if and only ifp is in A, and Sp =
-8 if and only ifp is iINn S \A .
(2) d, which is an elements of, B actually in K In fact d = a_@D(f),
wherea_is the leading coefficient and(f) is the discriminant of(X).

Proof: (1) Wehave 6p = |_|(ri,—rj,) = (rp - (g - rgy). .. (r(n_l), - I,
i <]

wherer,. = r,¢. We divide the ordered pairs j§ with i < | into two

classes according és< | ori” > j". Then§p = |_|(ri,—rj,) |_|(ri,—rj,)

i< i <<
i<’ i

= iDj(ri,—rj,) i|;|j(—1)(rj,—ri,)
i'<<j’ i=

= |_|(ri,—rj,) |_|(—1)(ri,—rj,) (interchange the dummy indideandj)

i< j=ti
i<’ =i
= |_|(ri,—r.,) . (1) |_|(ri,—r.,) (wheres is the number of factors in
i<j | j<i !
i<y’ j’=i

the second product; hensés the

number of inversionsef the permuta

. 12 ... n
tion (1,2, '”n,)=<p€AutKE< S)

= (_1)8 _n.(ri'_rj') .I_I_(ri'_rj') = E((p) _,I_ll,(ri'_rj') = E((p) _H,(ri_rj) = E(CP)S
1<<j J=<<i << 1<<J
i'<gj’ j =i

This proves (1).

(2) The equatiord = a @3D(f) is immediate from the definition of

discriminant (Definition 56.8). This implied course thad is in K, since
D(f), beingan'1 times a determinant of matrix with entries inK, is an

element oK. Alternatively, we havéy ==§ andthusdp = %) = (¢)? =
(+8)2=82>=d forany¢ ¢ Aut E. Sod is in the fixed field ofAut E. Since
the roots of(x) are simple by hypothesithe irreducible divisors d{x)
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are separable ové&&r and thust is Galois oveK (Theorem 55.7), sthe
fixed field of Aut E isK andd is inK. O

56.19 Theorem:Let K be a field such that char2 and let {x) € K[X].
Assume deg f = > 0 and let E be a splitting field off(x) over K

Suppose(k) has n distinct roots, r,, ... r in E sothat E is a Galois

extension of K(Theorem 55.7)Put § = H(ri—rj). Consider theGalois
i<<j

group Aut E as a subgroup 8.

In the Galois correspondencthe intermediate field (§ corresponds to
Aut E N A . In particular, Aut, E < A, if and only if6 € K.

Proof: In the Galois correspondentlee subgroup oAut E correspone
ing to the intermediate fielk(d) is .
K@) ={e € Aut E: ap =a for all a € K(8)}

={e € Aut E: 8¢ = &}

={p € Aut E 9 € A}

=AU En A
by Theorem 56.18. In particulakut, E < A, if and only if Aut En A =
Aut E, so if and only ifK(8)'= Aut E = K', hence if and only iK(5) = K,

hence if and only i € K. m|

We now study Galois groups @blynomials of degree 2,3,4. We start
with quadratic polynomials.

56.20Theorem: Let K be a field and(X) an irreducible polynomial in

K[xX] of degree2. Let G be the Galoiggroup of {x), regarded as a
subgroup of,. If f(X) is separable over Kkhen G=S§, = C,. If f(X) is not

separable over Kkhen G= 1.

Proof: If f(X) is separable oved, thenG is a transitive subgroup &,
(Theorem 56.17). Sincsg is the only transitive subgroup &f theresult
follows. If f(X) = ax® + bx + ¢ is not separable ov&r thenf (x) = 2ax+b =
0, so 2 = 0 =b (anda = 0), sochar K= 2 andf(x) = a(x? + €) for somee ¢
K, and a splitting field of(xX) over K is K(r), wherer is a root off(x).
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Then anyy in G mapsr tor andthus fixeskK(r). This means consists of
the identity mapping oK(u). HenceG = 1. O

56.21 Theorem:Let K be a field andfi(x) an irreducible separable

poly-nomial in Kx] of degree3. Let G be the Galoiggroup of {x),
regarded as a subgroup &f Then G= S, or G = A,. More specifically if

char Kz 2,then G= A, in caseD(f) is the square of an element in &d
G =S;in case O¥f) is not the square of any element in K

Proof: Gis a transitive subgrougd S; (Theorem 56.17). Sincg, and A,
are the only transitive subgroups ®f (Example 56.15(9) the result

follows.

Assume in additiorchar K= 2. ThenG = A, if and only if§ € K in the
notation of Theorem 56.19. Sinéé = a;‘D(f), wherea, is the leading
coefficient of f(x) (Theorem 56.18), we conclude= A, if and only if
a3“4D(f) is the square of amlement inK, thus if and only ifD(f) is the

square of an elementkn O

56.22 Examples:(a) Let X2+ Bx + 2 ¢ [F7[x]. This polynomial hasho
root in [F7, hence is irreducible and then clearly separabier [F7. Its
dis-criminant-4(6)% - 27(2¥ = 4 + 14 = 1 =  (Example 56.10())is a
square irt,, so the Galois group of + 6x + 2 iISA,.

(b) LetxZ +5x + 5 ¢ (J[x]. This polynomial is irreducible by Eisenstein's
criterion and is separable ovBrsincechar () = 0. The discriminant is
equal to-4(5)% - 27(5¢ = -1175, which is not a square . So the
Galois group ok® - 5x + 5 isS,.

Next we investigate polynomials of degifeer. HereS, will come into
play. We know thaV, = {z (12)(34), (13)(24), (14)(23)} is an important
normalsubgroup ofS,. It will be useful to find the intermediate field
corresponding t&, in the Galois correspondence.
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56.23 Theorem:Let K be a field such that char2 and let {x) € K[X]

be a polynomial of degree fouret E be a splitting fielabf f(xX) over K

Suppose(K) has four distinct roots, r,r,r, in E so that Eis a Galois

extension of KTheorem 55.7)We puta =r r,+r r, p=rry+rr, andy

=r,r, +rr; and consider thé&salois group Aut E as a subgroup of,
(Theorem 56.14).

In the Galois correspondendde intermediate field &,8,y) corresponds
to ALtKE M V4.

Proof: In the Galois correspondendlee subgroup oAut E correspone
ing to the intermediate fielk(«,B,y) is |
K(o,B,y)" ={o € Aut E ap =a for alla € K(«,B,9)}
={¢ € AU E: 0o = o, Bp =B, vp =}

If ¢ = (12)(34)c Aut E, theny fixes a sinceap = (rr, +rr )e =r,ry +r,rg
=r,r,+rgr, =ao. Similarly pp = (rlr3 + r2r4)cp =rr,trry=p andyp =

(ryr, +rr)e =rry +r;r, =y. Thus (12)(34)c K(o,By)" if (12)(34) is in
AUt E. In like manner, one verifies that (13)(24) and (14)(23) belong to
K(a,B,)” whenever they are iut E. This proves/, N Aut E << K(a,B,y)".

To complete the proof, wehow, for any € Aut E, thate ¢ V, implies
¢ ¢ K(a,By)". Indeed ifp ¢ V,, thene is in one of the coset¥,(12),
V,(13), V,(23), V,(123),V,(132) of V, in S,. If ¢ € V,(12), theny =
p(12) for somep € V, N Aut E, therefore1(ry +rr e =(rry +rr )w(l2)
(ryry +r,r,)(12) andp does not fix since

Frg 1 r, =B =Ppp=(ry+rr)e=(ry+r,r,)(12) =rry+r,r,
yields ¢, - r)r; = (r;, - r,)r, and sor, =r, orr; =r,, contrary to the
hypothesis that the roots &) are distinct. Similarly, ifp € V ,(13),
then ¢ does not fixy and ifp € V4(23), thene doesnot fix «. If ¢ €
V,(123), therp does not fixx since _

M, +rgr,=a=oap=(r,+rgr)e = (,r, +rgr,)(123) =rry+rr,
yields ¢, - ryr, = (r;, - ry)r, and sor, =r; orr, =r, contrary to the
hypothesis. Similarly, i € V,(132), thenp does nofix a. This proves
that no automorphism iAut E\V, can bein K(«B,y)". Hence we obtain
K(a,B,y)” <V, N Aut E, as was to be proved. m|
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56.24 Definition: LetK be a field and left(x) € K[X] be a polynomial of
degree four having four distinmotsr,,r,r,r, in a splitting field off(x)
over K. We put a =r,r, +rgr, B =rry+r;r, andy = rir, +rrs The
polynomial & - o)(X - B)(X - v) € K(x,B,y)[X] is called theresolvent cubic

of f(x).

56.25 Lemma:Let K be a fieldand let {xX) € K[x] be a polynomial of
degree four having four distinct rooits a splittingfield of f(xX) over K
Then the resolvent cubic k¥ is a polynomial in K]. In fact if f(x) =
x* + bx3 + o2 + dx + e then the resolvent cubic @kfis equal to

X2 - o + (bd - 4e)x - (b%e - 4ce+ d?).

Proof: This is routine computation. Letr r, be the roots of(x) in a

r
2" 3
splitting field off(x) overK. The resolvent cubic d{x) is

33 = (o + B +y)X° + (@B + ay + BY)X - («BY),
wherea = Ff, v rgr,, B=rrg+rr,y=rr,+rr,. Leto be them-th
elementary symmetric polynomial in 4 indeterminates. Then we have
a+Pry=rr+rpr, +rro+rr, +r,r, +rry=o,(r,r,rr,) =c;
OB +ay + By =r Arrg e =

T P P P o P e e PP i PLEUPR L PLON R PLPUS
=0, (r gl )og(ryrorgr,) - o,(rrorar,) =bd- 4e

afy =--- = b’e - 4ce+ d>. O

56.26Theorem: Let Kbe a field and let(k) € K[X] be a polynomial of
degree fourwhich is irreducible and separable over. Ket E be a
splitting field of {xX) over K and let r,r,r, be the(distinc) roots off(x)
in E. We puta = Ffo +rgl, B=rro+rr, andy = rr,+rry. Let G= AutE
be the Galois group of(), considered as aubgroup of 35 We put

IK(a,B,y):KI =m. Then G can be described as follows

G=S, & m=6.

G=A, = m=3.

G=D, & m=2and {x) is irreducible over Kx,B,y).
G=V, = m=1.

G=c, & m=2and {x) is reducible over KxB.y).

Proof: Since f(X) is irreducible and separable ovEr its roots are
distinct. We know thatG is a transitive subgroup of §f and 4 divides

722



|G (Theorem 56.17). The transitivsbgroups ofS, whose orders are
divisible by 4 ares,, A,, the Sylow 2-subgroupd S, (isomorphic toDy),
V, and the cyclic groups generatieyl 4-cycles like<(1234) (Example
56.15(f). ThusG is one ofS,A,,DgV,.C,.

The intermediate fiel&(«,B,y) correspondso V, n G (Theorem 56.23).
Now E is Galois oveK(«,8.y) and the Galoigroup Aut  , E = K(o,B¥)" is
V, N G. SinceV, < S, we haveV, n G < G and soK(«,B,y) is a Galois

extension oK and the Galois group & «,B,y) overK is (isomorphic to)
G/(Gn V, (Theorem 54.25(3) We get
m = |[K(a.B,y):Kl = [AUt K(a,p.y)l =1G/(G N V)l and

S, = m=[G/(GNn V)| =IS,/V,| =6;
A, = m=[G/(Cn V) =IA/V,|=3;

G=Dg = m=[G/(Gn V)| =IDg/V,| = 2; moreover,E is a
splitting field off(x) overK(«,B,y) and AutK(mm)E = K(a,By)” =V, N Dg =
V, is a transitive subgroupf S,, sof(x) is irreducible ovelK(a,B,y) by
Theorem 56.16;

G=V, = m=[G/(Cn V)=V, /V,|=1;

G=cC, = m=[G/(CNn V)=
=1{1,(1234),(13)(24),(1432)}/£(13)(24)} = 2

(eventually after renaming the roots, we may assuwmtéput loss of
generality, thatG = {,,(1234),(13)(24),(1432)}); moreoveAutK(aM)E =

K(a,By)” =<(1234)y n V, =<(13)(24) is not a transitive subgroup 8&f,
sof(x) is not irreducible ove(«,B,y) by Theorem 56.16.

G
G

This provesthe = assertions in the statement of the theorem. As the
five cases are mutualbxclusive, the converse assertions are also valid.
O

56.27 Examplesi(a) The polynomialf(x) = x* - 4x® + 1 € Q[x] has no
integer roots and is easily verified to havequadratic factors irZ[X],
sof(x) is irreducible over and overl) (Lemma 34.11). Sincehar ) =
0, f(X) is separable ove. In order to determine its Galois groGpwe
find the resolvent cubic d{x). The resolvent cubic dx) is

=x2 - (-4)x? + (00 - 41)x - (0?1 - 4(-4)(1) + O

=x3+ 4x% - 4x - 16

=X+ AHX-2)(x+2)
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and the rootsg,p,y of the resolvent cubic aret, -2, 2. Thusl(«,B,y) = O
andm = |0(a,B,y):0l = 1. Theorem 56.26 yields=V,,.

Fromf(r) = 0= (r? - 2)? = 3, we see that the roots (sayRiphof f(x) are
r,= \/2+\/§, r,= \/ 2—\/5, rg=- \/2+\/§, r,=- \ 2—\/5.
Note that, = 1k,,r, =-r, andr, =-1/r,. Since
(12)(34)¢ V, =G fixesr, +r,=\/6,
(13)(24)¢< V, =G fixesr 2 hence also - 2 =1/3,
(14)(23)e V, =Cfixesr +r, = \/5 the Galois correspondence

is as depicted below.

O 2+/3) 1

one) 0Nz 0N2 <«12)(384)y <(13)(24) <(14)(23)

D Va

(b) Let f(x) = x* + 5x° + 5 ¢ J[x]. Thenf(X) is irreducible overZ by

Eisenstein's criterion and also over by Lemma 34.11. Thud(x) is

separable ovel). Let G be the Galois group dfx). Theresolvent cubic
of f(x) is >3 - 5x2 - 20x + 100 = & - 5)(x® - 20) = & - 5)(x - 2B)(x +

2\/%), with roots «,B,y = 5, al5, -2\/5. Hence O(o,By) = (ED(\/E). So

Theorem 56.26 gives=Dg or G=C,. In fact, since

5500 , | 550
2

DZ 2N
ey =<+ 5 g .

is reducible ove@(\/g), we haveG = C,.

(c) Let f(xX) = x* - 2 € Q[x]. Then f(X) is irreducible over® by
Eisenstein's criterion and Lemma 34.11. Gée the Galoigroup off(x).
The resolvent cubic of(x) is x3 + 8x, whose roots are,p,y = O, Z\/Ei,
-2\2i. Thereforam = I(I;D(\/Ei):@l =2andG=DgorG=C,. Itis easy to see

that f(xX) is irreducible over@(\/zi), so we getG = Dy from Theorem
56.26.
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Exercises

1. Find the resultamR(f,g) whenf(x) = x© + 4 - 3x> + x - 2 € Q[x] and

g(x) =x- 3 € U[x].
2. LetK be a field and(x) =a x" + an_lx”'1+ s+ aX +ag, g(x) = byx + by

polynomials inK[X], with b, # 0. Show thaR(f,g) = (—bl)”f(—bllbo).

3. LetK be a field and(x) =a x"+a__ x"'+..- +a,x+a,
g(x) =b xM+ bmlx”*1+ -+ + b x+ by If n = m, show thaR(f + cgg) =
R(f,g) for allc € K.

4. LetK be a field and,g,h € K[x]. Prove thaR(fh,g) = R(f,g)R(h,g).

5. LetK be a field and,g,h € K[x]. Provethat D(fg) = D(f)D(g)[R(f.g)]° and
thatD(f(x)) = D(f(x - ¢)) for anyc € K.

6. LetK be a field and(x) = axC + bx® + cx+d € K[x]. Prove that
D(f) = b%c? + 18abcd- 4ac? - 4b3d - 27a%d?.

7. LetK be a field and(x) = x* + ax® + bx+ ¢ € K[x]. Prove that
D(f) =-4a3b? + 144ack? + 1&%c - 12&°%c? + 2563 - 27b*.

8. LetK be a field,f(xX) a polynomial of degrea in K[x], with leading

coefficienta and letr ,r,, ...,r be the roots ofi(x) in some splitting field
—_ —_ m m m
of f(X) overK. Putgy=nands_=r,~+r "+--- +r "~ form e N. Show
that
5 5% % - Sm
D(f) — a2n—2 S_I. % SS e Sn
Sn—l Sn Sn+1 T SZn—Z

(Hint: multiply two Vandermonde determinants.)
8. Where did we use the hypotheshar K=z 2 in Theorem 56.187

9. Find the discriminants and Galois groups of the following polynomials.

(@) +3x% -1 e O[x].
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(b) x3 - 2x% + 4x + 6 € ([x].
(c) X3 - x+ 2 F x|
(d) x® + 3x% - 3 € F [

10. Find theGalois groups of the following polynomials over the fields
indicated.

(@) x* - 2 overD(\/2) and ovef(/2i).

(b) 0 - 2)(x? - 5) over(.

(c) x* - 8<% + 15 ovelr).

(d) X* + 4x2 + 2 over® and ovefD(\/2).

@) 62 - 2)2 - 3)(X2 - 5) over, overD(/2), over®(\/6) and over
0N2V3).

11. LetK be any arbitrary field anf{x) = x° - 3x + 1 € K[x]. Showthat
f(X) is either irreducible ovef or splits ink.

12. Let K be a field andf(x) an irreducible separable polynomial of
degree three irK[x]. Supposer,r,r, are the roots off(x) in some

splitting field off(x) overK. If the Galois group of(x) is S;, show that, in
the Galois correspondende(r,) corresponds to the subgroup(jk)} of
S;, where {j,k} ={1,2,3}.

13. Prove tha$, has no transitive subgroup of order six.

14. Letp be a prime number ar@is Sp. Show thatG is transitive if and

only if p divides the order d&.
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