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Norm and Trace

In this paragraph, we introduce norm and trace of elemeiats exten
sion field. These can be defined for any fimibemensional extension, but
we restrict ourselves to the important casbere the extension is
separable.

In order to define nornand trace, we neel-homomorphisms of an
extension field oK. In the case of a separable extension, these are easy
to describe.

LetK be a field ancE a finite dimensional separable extensiorK cind
N a normal closure df overE so thatN is finite dimensional and Galois
overK (Theorem 55.11). Let us plK| = n. SincekE is finite dimensional
and hence finitely generated (Theorem 50.10) &yéhere is ara € K
such thatE = K(a) (Theorem 55.14). Lek(x) € K[X] be the (separable)
minimal polynomial ofa over K, sothat deg tx) = |[K(a):K| = [EKl = n
(Theorem 50.7)SinceN is normal oveK andf(x) has a root in N, the
polynomialf(x) splits inN, say

f) = x-a)x-a)...(x-a), a, =a, a;a,, ....a, €N
anda,a,, ...,a, are pairwise distinct. Thei(a) andK(g) < N areK-iso-

morphic by Theorem 53.2, namely by #fiesomorphism

N N
ul ]
p: E=K() =K[a] — K[a]=K(g)
k,tka+ - +k _a"@+k _a" — k +ka+--+k aP+k at

n-2"1 n-171

Whereko,kl, ...,kn_z,kn_1 € K. Thuseachtpi iIs aK-homomorphisms fronk

into N. Conversely, anit--homomorphisnp: E— N must mapa to one of
a8, ..., and must coincide with oroé LTS So {lpl,lp2, ...,1pn} is

the complete set shomomorphisms frora into N.

We give a generalization of this result.
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57.1 Lemma: Let K be a field and E a finite dimensional separable
extension of KLet L be an intermediate field of /K and let N be a
normal closure of K over.Bf ¢: L - N is aK-homomorphismtheng can

be extended is exacthl| ways to a K-homomorphism-EN.

N

E pra—a,l—le (=12,...mlel)

L ®

K

Proof: SincekE is finitely generated and separable okeit is a simple
extension oK, sayE =K(a) (Theorem 55.14). LeEL| = m andg(xX) € L[X]
the minimal polynomial o& over L so thatdeg dx) = m. Let f(X) be the
minimal polynomial ofa overK. Thenf(x) splits in N because the irre
ducible polynomialf(x) € K[xX] has a root ilN and N is normal overK.

Sinceg(x) dividesf(x) (in L[X]; Lemma 50.5), the roots g{x) are all inN.
Leta=a,a, ....a €N be the roots 0§(x). Then any extensiog: E — N

(v aK-homomorphism) o must send to one ofa a,, ...,a, and any

in L tolg, and thus must coincide with one of the mappings

p:E=L()=L[a] — L[a]l=L() <N

m2 m-1 m-2 m-1
lgtla+ -+l am=+l a7 = (ge) + (o)a + - + (I 0)g =+ 08

(gl -l ol € L)y wherei = 1,2,....m; and these mappingg are
indeed extensions af (sincey.: | — |j») and field homomorphisms (cf.

Lemma 53.1, Theorem 53.2). Thup‘i,ﬁsz, 1pm} is the complete set df-

homomorphisms frorga into N which are extensions of O
We can now give the definition of norm and trace.

57.2 Definition: Let K be a field and a finite dimensional separable

extension oK. Leta € E. Choose a normal closukeof K over E andlet
{0,905 ... 0} be theset of allK-homomorphisms fronk into N (so k =

|IEKK|]). Thenorm of a€ E over Kis denoted b¥., (2) and is defined as
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Ne (@) = (@9))(aw,). .. (agy).

Thetrace of ac E over Kis denoted by_, (a) and is defined as

Te(@) =ap, +ag, + -+ +ag,

Ng, (@) andNg, (a) therefore depend oB K as well asa. It seems as
thoughN_, (a) andT_, (a) depended also on the normal closNreve

choose,but they actually do not depend &h This will be proved
shortly (Lemma 57.4(39)

In casek is Galois oveK, the normal closurl is equako E and then we
have

NE/K (a) = (a(pl) (a(pz)' . (a(Pk), TE/K (a) = a(Pl + a<p2 + a(pk1
where {pl,cpz, ...,(pk} = AutKE.

57.3 Examples:(a) Consider the extensidn over R. Now C is Galois
over R and AutRC = {19}, where ¢ is the conjugation mapping. Thus

N p(@ + bi) = @@ + bi)(a + bi)p = @ + bi)(a - bi) = a2 + b? and T, 5(a + bi)
=(a+bi) + ((a + bi)p) = (@ + bi) + (@ - bi) = 2a for anya +bi € C (a,b ¢
).

(b) @(\E) is a Galois extensioaf ) and Aut@@(\/z) = {19}, where ¢ is
the homomorphism/_ — —\/E. Thus N@(\/E)/@(a + b\/E) = (@a+ b\/E)(a +
bV2)e = @ + bV2)(a - b2) =a? - 267 and Ty 5, @ + bV2) = @+ by2) +
(a+b\2)p = (@ +b\2) + (@ - b\2) = 2a for anya + b\2 € ©(/2) (a,b € Q).

3
(o) @(\/E) is a separable extension{®f butnot Galois ovefl). A normal
3 3
closure of @) over @(\E) is @(\E,w). There are exactly thred)-
3 3 3 3
homomorphisms from@(\E) into @(\/E,w), namely V2 — 2 (the
3 3 3 3 3 3
identity), V2 — V26 and\2 — 22, SONg /3@ + V2 +c\/22)
3 3 3 3 3 3
= @ +bV2 +c(\2)?)(a + bV2e + c(\/2)2?) (@ + bV20? + c(V2)%0)
=~ =a3+ 203 + 4¢3 - 2abc
3 3
and Ty g5, 0@ + bV2 +c2?)
3 3 3 3 3 3
= @ +bV2+c(V2)?) + @ + bV20 + c(2)262) + (@ + byV2w? + c(\2)2w)
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= 3a
for anya + bi/z + c(i/z)2 € @(i/E) (a,b,c € O).

In these examples, norm and trace are found to be batdwefield. This

is always true. Iiact, the norm and trace of an element are essentially
coefficients of the minimal polynomial of that element. garticular,
theyare independent of the normal closure that we use in their-defini
tion. We now prove these assertions.

57.4 Lemma: Let K be a field and E a finite dimensional separable
extension of KLet ab be arbitrary elements of E

(1) N, (@b) =N_, (@N, (b) and T, (a +b) =T_, (a) + T, (0).
(2) If b € K, then N, (b) = b and T, (b) =|[EK|b.

) If f{(X) =x"+ an_lx”'1+ - +ta,x+a, € K[X] is the minimal polynomial

of b over Kthen
Ng, (0) = ((-1)"a ) E P and T, (b) = IEK(b)I(-a_,_,).

Proof: LetN be a normal closure &foverkE and let {,.¢,, ...,q } be the

set of allK-homomorphisms fronkt into N. In view of the comments
above, their numbédktis the number afoots of the minimal polynomial
of a primitive element of the extensidAK, hence k = |[EK| (or use
Lemma 57.1 withL =K).

(1) Clearly N, (ab) = (abyp))(aby,). .. (aby,)
= (ap,bo))(@p,b0,). .. (ap, by, )
= (apy)(be,)(ap,)(be,). .. (ap, ) (bp,)
= (apy)(@py). . . (ag ) (bey ) (by,). .. (be,)
=N/ @Ng (D)
and T ,@+b) =@+b), +@+b)p,+ - +(a+b),
= (ap, +bop)) + (ap, +be,) + -+ + (ap, + b))
:a(pl+b(pl+a(p2+b(p2+ +a(pk+b(pk
= (ap, +ag,+ - +ap) + (b, +be,+ - +by)
=T (@) + T (D).
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(2) If b € K, thenbg, =b for alli =1,2,... kand
_ — — KK
Ng, (B) = (be)(by). .. (be,) =bb...b=Db
T ,(b) =byp, +bp, +:-- +bp =b+b+-- +b=Kkb

(3) Letf(x) =x" +an_1x“'1+ -+ +a, X +ay € K[X] be the minimapolynomial
of b overK and letb =b,,b,, ... b, be the roots of(x) in N. Thenn =
IK(b):Kl andf(x) = (x- b))(x-Db,)...(x-Db)). Thus

b, +b,+ - +b =-a_ ., andbb,...b = (-1)",,
Let us write|E:K(b)| = s so thatk = sn There are exactiyw K-homo-
morphismsx o, ..., from K(b) into N (namelyg;:b — b)). The restrie
tion toK(b) of anye, Gg=12,..., K) is one of these, ,«,, ...« , andeachg

i =1,2,...,n) can be extended to precisal\-homomorphisms fronk
into N (Lemma 57.1). Let these extensionsoobe o,™M,0.@), ... .. In
this way, we obtairmsK—homomorphism&i(m): E-N(G(=212,...nm=

1,2,...,9). Sincens=k, we get

{0 @y -0 ={™:i=1,2,... .nandm=1,2,... sk
Thus
N (0) = G (br). 0y =[] [1 0™ = [] (oa®

- ﬁl (bi)S=(_[j]1 b,)% = ((-1)"ay)®

andT_,, (b) =bg, +be, + - +b@k:i i bo, (™ = i S(bo,)
i=1

i=1 m=1

=s 21 b, =s(-a,_,) O

We have already mentioned ths&t (a) and T, (a) depend on the
fieldsE andK.' It is clear from the definition or from Lemma 57.4¢(Bxat
Ng, (@) and T, (a) will be distinct fromN, ,(a) and T _,(a) and also

from N_, (@) andT_, (a) if L is an intermediate field (with € L in the

first case).

Norm and trace behaweery reasonably through intermedifitdds: we
haveN_, =N , °N_, andT_, =T , °T., for any intermediate field

of E/K. This is the content dhe next theorem. Although we know the
structure of extensions of homomorphisms in Hegparable case, we
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give a new argument that works in more general situations.

57.5 Lemma: Let K be a field and E a finite dimensional separable
extension of KLet a be an arbitrary element of Ehen
Nes(@ =N (Ng, () and T (@) =T, , (T, (2)).

Proof: (The assertion is meaningful, folrE/L(a) is an element oL by
Lemma 57.4(3), thus we can takee norm ofN_,(a) € L overK. The

claim is that this is equal to the normakt E overK. Similarly for the
trace.)

The proof has been foreshadowed.esmma 57.4. LetN be a normal
closure ofK overE. ThenN is Galois oveK by Theorem 55.11 and is
Galois ovel. by Theorem 54.25(1). We choose a fiRlgduch that

(i) ES M < N; (i) M is Galois ovel,; (iii)) A is not Galois ovet for any
field A with EC A c M. This is possible becauléK is Galois,N/E is also
Galois and sd\/E is separable (Theorem 55.10) and there are only
finitely many intermediate fields &/E (Theorenb5.15).M is a normal
closure ofL overE. Likewise, we choose a fieRisuchthat (i) L € R € N;

(i) R is Galois oveK; (iii)) A is not Galois ovek for any fieldA with

L € Ac R. ThusR is a normal closure d&f overL.

We put/EK| =k, |[EL| =sand|LK| =n so thatk =sn Let
{(pl,cpz, ...,cpk} be the set of alK-homomorphisms frora into N,
{B,.B,, ....B} the set of allL.-homomorphisms frore intoM < N and
{005, ... 0 } the set of alK-homomorphisms frorh intoR < N.
Then N, (@ = (ap)(@p,). .. (apy),
N, (@) = @B,)(aBy). .. (aB),
N/« (b) = (boy)(bo). .. (ba)
for anya € E, b € L.
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N is a splitting field of a polynomidi(x) € K[x] over K (Theorem 55.11
and Theorem 55.7) and therefdrés a splitting field off(x) overL and
over Lo, (Example 53.5(9) The isomorphismx: L — Lg; (€ N) can be

extended to an isomorphisozﬁl): N — N (Theorem 53.7). Here of course
o, N — N is aK-homomorphism.

We claim {p,.¢,, ....¢} ={ ﬁj o<i(1): i =1,2,...,n;j =1,2,...,8. Sincek = ns
we must merely show tha(‘t],ai(,l) = B ol when (j) = ("j). Indeed, if
tsj,a\o\al(i,,(l)) =B ado\al( M), then the restriction cﬁj,a\o\al(i,,(l)) and
ﬁj O‘i(l) to L must be equalnd sinc@j andﬁj, fix each elemenn L, we

getai(,l)“_ = O(i(l)IL . soo. = o andi” =i. Then, as{? is one-to-ond, =i and
ﬁj,ai(,l) =B o imply thatp. =B andj” =j. This establishes the claim.
Thus, sinceN_, () € L by Lemma 57.5(3), we get

Nepc(@) = @)@, .- @) =[] ] af o

i=1 j
:iljl (jljl ah )O(i(l): iljl (NE/L(a))O‘i(l): iljl (N, (@)«
=N (N, (@)

and similarlyT_, (&) =T _,, (T, (a)). m|

57.6 Definition: Let E be a field and letd, o, ... ¢} be a finite set of
field automorphisms c&. If, for anya, a,, ...,a_€E

a,(byp,) +a,(byp,) +--- +a (bp) =0 forallb € E

impliesa, =a,=--- =a_= 0, then {9, ... 9} is said to belinearly
independent

Equivalently {¢ .0, ... ¢} is linearly independent provided, for eakh
tuple @, .a,, ...,a) of elements fronk, where at least on& is distinct

from O, there is &® € E such that

a,(be,) + a,(bg,) + -+ +a, (b)) = O.
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57.7 Lemma:Let E be a field and I¢¢>1,cp2, ...,cpk} be afinite set of field
automorphisms of .Bf P Ps .- P AIE pairwise distinctthen{cpl,cpz, ...,cpk}

is linearly independent

Proof: (cf. Lemma 54.15; note that we do not assume{ ... ¢} is a

group.) Suppose, by way of contradictigng., ... ¢ are distinct auto
morphismsof E and that ¢ ¢, ... ¢} is not linearly independent. Then
there are elemengsa,, ...,a, , not all zero, irE such that

a, (b)) +a,(bp,) +-- +a (bp) =0 for allb € E. (1)

Let r be the smalleshumber of nonzero componerds in all the k-
tuples @ .a,,....8) € EXEX... XEY(0,0....,0)} satisfying(1) and choose
ak-tuple ¢,.c,, ... .c) with exactlyr nonzero components. We have-
1. Renumbering the automorphisms, we may assyimec, are distinct

from zero and (in case< K)c , , = =¢ _=0.

Then c,(be,) +c (bp,) +--- +c(bp) =0 forallb € E
(2)

Sincecpl,cpz, P aredistinct,cp1 = @, and there is a € E with Up, = Up,,.
Writing ubin place ofb in (2) and usingub)e, = up,-up,, we get

¢, (Up,)(bpy) +C(Up,)(bw,) + -+ +c (Up)(bp,) =0 forallb e E €
Multiplying (2) by ug,, we obtain
¢, (Up ) (B%,) + Cy(Ue,)(bey) + -+ (Up)(by,) =0 forallbeE. )
Subtraction gives
[c,(ue, - up )](be,) +--- +[c (up, - up,)](bp) =0 forallbecE
where at least,(up, - Up,) # 0. Hence there islatuple

(0.c,(Up, - Up.), ....c.(Up. - up,), O,...,0) = (0,0,...,0)

with at mostr - 1 nonzero components satisfying (IDontrary to the
definition ofr. Therefore ¢,.¢,, ...,¢ } is linearly independent. O
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We now characterize all elementsth trace O and all elements with
norm 1 in case of a Galois extensiwith a finite cyclic group. The
second part of Theorem 57.9ormulated for finite dimensional
extension of(}) is the theorem with number 90 in Bllbert's (1862
1943) famous report on algebraic number theamngl is known as
"Hilbert's theorem 90". It is the beginning of cohomology theory.

57.8 Definition: Let E/K be a field extension. IE is algebraic and
Galois overK, and if the Galois grouput E is cyclic; thenE is called a

cyclic extension of lendE/K is said to beyclic

57.9 Theorem:Let /K be afinite dimensionalcyclic extension and let
o be a generator of A4E. Let ac E.

(1) T (@) = Oif and only if there is an elemen&lE with a=b - bo.

(2) N (@) = 1if and only if there is an elemen&lE\{0} with a=b /bo.

Proof: Let |[EK| = n. Then|Aut E = n by the fundamental theorem of
Galois theory and\ut E = {1,0,6% ...,0"%¢"™, with ¢" = 1and o(s) = n.
For convenience, we writeinstead ofl_, andN instead ofN_,

(1) If a=b - bo, then we have a telescoping sum:

T(a) =a +ac +ac?+ -+ +ac™2+ac™?

=(b-bos) + (b-bo)s+ (O-bo)s?+:-- + (b-bo)s"?+ (b - bo)s"?

= (b - bo) + (bs - bs?) + (062 - bo3) + -+ + (b2 - bs™) + (bs™? - bo™)
=b-bs"=b-b=0.

Conversely, assume théta) = 0. We first find an element in E with
T(c) = 1. Since(o) = n, theautomorphisms #,6%, ...,c"2¢"* are distinct
and {15,062, ...,6"2¢™ is linearly independent by Lemma 57.7. So there
is au € E with

T(U) =u+Uos +Uo +us™?+us™ = 0.
Letc = u/T(u). SinceT(u) € K andE is Galois oveK, we have(T(u))d =
T(u) for anyj = O 1,2,....n-1 and thus

24 ...

n-1

T(c) = "2+ (

c

W

n-1

u u
T(u) (T(u))° (o™ (T<u>
2

uc
- T(u) +(T(u)o) e (T(u)c '2) (T(u) )
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2 n2 n-1

. u Us  Uo uc uc
T Tw) T T T T Ty T T)
_ T(uw _

ST T

We putb =ac+ (a +aoc)(bo) + (@ +ac +ac?)(bs?) + (@ +ac +ac? +ac>)(bs>)
+.-- +(@+ac +ac’+--- +ac"?)(bs™?) € E.
Then
b-bo= ac+ (@ +aoc)(co) + (@ +ac +as?)(cs?)
+ (@ +ao +ac? +ac )(cod)
+.-- +(@+ac +ac’+--- +ac™d)(ca™).
- (a0)(co) - (ao +ac?)(ca?) - (ac +ac? +as>)(cod)
- (ao +ac? +ac> +ac?)(co?
~ ... —(ac +ac?+ac>+ - +ac™Y(co™d
=ac+a(co) +a(co?d) +--- +a(ce™) - (ac +ac’+ - +ac"YH(cs™d
=ac+a(co) +a(co?) +--- +a(ca™) - (T(a) - a)(ca™d
= ac+a(co) +a(ce?) +a(cod) +--- +a(ca™ =aT(c) =a.

Hencea = b - bo for someb € E whenT(a) = 0.

(2) If a =b/bos for someb € E\{0}, then
b /b b b, .,  , b,
N@) = - () ()% -+ (o2 )e™

_ b bo be? be™ ba™ b _ 1
~ bo be? bo® be™ bs" b T

Conversely, assuni{a) = 1. Then of course # 0. From Lemma 57.7, it
follows that there is d € E for which

b := (@)d + (@-ac)ds + (@-ac-ac?)do? + --- + (@-ac-ac? ... ac")ds"?
+ (a-ac-ac? ... ac™ac")de"?t
is distinct from O. Then we get

a(bo) = a(ac)ds +a(ac-as?)ds? + a(ac-as®ac>)do>
+.-- +a(ac-ac?acs ... ac")de™t + a(ac-as?acS ... ac™tacMds"
=b- (@)d+aN(a)ds"=b-ad+ald=h.

Sinceb z 0, alsobo # O anda(bo) = b givesa = b/bgo. O
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We close this paragraph with twapplications of Theorem 57.9. We
describe cyclic extensions. The degree is dharacteristic in the first
case and relatively prime to the characteristic in the second case.

57.10 Theorem:Let K be a field of characteristic 0 and letE be a
cyclic extension of K witltK| = p. Then there is an a K such that () =
xP - x - a € K[X] is irreducible in Kx] and E=K(t) for any root t of @).

Proof: By hypothesisE is Galois oveK and Aut E is cyclic of orderp,
sayAut E=<c> ThenT_, (1) =1+ b +1°+... + 1sP'=p=0,s0 == b -
bo for someb € E (Theorem 57.9(1)). Lat =-b. Thenus = 1 +u and we
getuPs = (Uo)P = (1 +u)P = 1P + UP = 1 +uP. Hence
(WP-wo=uPs-uc=A+uP)- (A1 +u)=uP-u
anduP - u is fixed bys andthus by all automorphisms Wut E. SinceE
is Galois ovel, this givesuP - u € K. Let us putu® - u=a. Thusu is a
root of f(x) =xP - x - a € K[X].

It remains to show thd(x) is irreducible ovelK and thatE = K(t) for
any roott of f(x). Sinceb is not fixed bys, we seeb ¢ K, sou ¢ K and
thusK < K(u) € E. But|EK| = p is prime and so there is no intermediate
field of E/K distinct fromK andE. This forcesK(u) = E. Thendeg {xX) = p
=|EK| =|K(u):K| = degree of the minimal polynomial ofoverK. Sincethe
minimal polynomial ofu overK dividesf(x), we deducehat f(x) is the
minimal polynomial ofu overK. In particularf(x) is irreducible irK[X].

Now for anyj € [Fp c K, there hold$® =j and consequently

fu+j)=U+)P-@U+j)-a=uP+jP-u-j-a=uP-u-a=0.
Sou,u+1,u+2,...,u+p-1¢€ Eareroots off(x). Sincef(x) hasp roots,
any roott of f(x) is equal tau +) for somg ¢ [Fp.' So we geK(t) =K(u +))
= K(u) =E for any roott of f(x). O

57.11 Theorem:.Let K bea field and let E be a cyclic extension of K of
degredEK| = n. Assume that either char &K 0 or char Kz O but char K
does not divide.riAssumein addition that X' - 1 splits in K Then there

is an ae K such that@) = x" - a € K[X] is irreducible inK[x] and E= K(u)

for any root u of ().
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Proof: By hypothesisAut E is a cyclic group, safut E =<¢>, ando(o) =
|Aut E| = [EK| =n. All roots of the polynomiax” - 1, which splits irK, are
simple since its derivativexX™ = 0 in view ofthe assumption oohar K
Thus there are exactly distinct rootsof x" - 1 in K. Sincer" =s" =1
implies ¢s)" = 1, the roots ok" - 1 make up aubgroup oK*. Any finite
subgroup oK" is cyclic (Theorem 52.18), so the roofsx”" - 1 form a
cyclic group of orden. Letr € K be a generator dliis group so that the
n roots ofx" - 1 are 1Ir,r?, ... r"%

We haveN_, (r) =r" = 1(Lemma 57.4(9) and sahere is &b € E with r
= b/bo (Theorem 57.9(9) Letu = 1b. Thenu € E{0} and uc = ur. This
impliesus = (Uo)" = N" =u"r" =u, sou" is fixed byo, so byAut E, and

thereforeu™ € K. Let us puu" =a.

Thenx" - a € K[x] and this polynomial has rootsu,ur,ur?, ..., ur™ in

K(u), which are all distinct. S&" - a splits in K(u), but not in a proper
subfield ofK(u) containingK, sinceany intermediate field oK(u)/K, in
which x" - a splits, must contain the roatand hence must be identical
with K(u). ThusK(u) is a splitting field of" - a overK. Since the roots of
x" - a are distinct, the irreducible factors xXf- a are separable ovér
and thus(u) is Galois oveK (Theorem 55.7). In particula@iut K(u)l =

IK(u):K].

Any K-automorphism’! € Aut E ( =0,1,2,...,n- 1) sendsitour € K(u),
thus the restriction of to K(u) is aK-automorphism oK(u) (Theorem
42.22). Sincaus' =ur' # ur =us whenij € {0,1,2,...,n - 1} andi = j, we
seethat these&-automorphisms oK(u) are distinct.Hence there are at
leastn K-automorphisms of(u). This implies/K(u):Kl = |Aut K(u)l = n.
Fromn =[EK| = [K(U):Kl = n, we getK(u):K| =n, whenceE = K(u).

Finally, since the minimapolynomial of u over K divides x" - a and
degx" - a) = n =|K(u):K| = degree ofhe minimal polynomial ofi overK,
we deduce that" - a is the minimal polynomial afi overK andx" - a is
irreducible inK[x]. Moreover, any root of X" - a is equal tour! for some
] =0,1,2,...,.n-1 and, since € K, we getK(t) = K(urj) = K(u) = E for any
roott of x" - a. m|
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Exercises

1.Let K be a field and leE be a finite dimensional separable extension
of K. Prove that, for ank € K, there is am € E such thatr_, (a) = k-

2.LetK € L € EC N be fields and assume thNis normal oveK. If sis
the cardinal number df-homomorphisms fronkt into N andn is the
cardinal number oK-homomorphisms froni into N, prove thatsn is
the cardinal number e¢-homomorphisms frora into N.

3. LetK be a field of characteristit= 0 andf(x) =xP - x - a € K[X]. Show
thatf(x) either splits irK or is irreducible irK[X].

4. LetK be a field of characteristiwz O andf(x) = xP - x - a € K[X]. Prove
that if f(X) is irreducible irK[X] andu a root off(x), thenK(u) is a cyclic
extension oK of degreep.

5. LetK be a field andh € N. Assume that eithethar K= 0 or char Kz O
butchar Kdoes not dividen. Assume thax" - 1 splits inK. Provethat, if
a € Kandu a root off(x) =x" - a € K[X], thenK(u) is a cyclic extension of
K and|K(u):K dividesn anduk®WXl ¢ k.
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