858
Cyclotomic Fields

The theory of cyclotomy is concerned with fpwblem of dividing the
perimeter of a circlento a given number of equal parts (cyclo-tomy
means: circle-division). Consider the unit circle in the complex plEme.
points dividing this unit circle inte equal parts are theoints e2™/" =
cos (2n/n) + isin (27/n) and the geometric problem of cyclotomy is
equivalent to studying the field$(e®™/™ < C. The complex numbers
e’™/N areroots of the polynomiax” - 1 and@(e*™/") is a splitting field

of X" - 1. The splitting fields of such polynomials over dieyd K will be
called cyclotomic fields (although they may notreévant to the geo
metric problem of circle division).

58.1 Definition: Let K be a field and k K the identity element oK.
Letn € N. An extensiorfield E of K is called acyclotomic extension of K
(of order n) if E is a splitting field ofk" - 1 € K[x] overK.

58.2 Definition: LetK be a field. A rooof the polynomialx” - 1 € K[X]
is called am-th root of unityor, if there is no need toe exact, simply a
root of unity

58.3 Lemma:Let K be a field of characteristic p O and let ne N,
where n= p?m and(p,m) = 1. Let u be an element in an extension field
of K Then u is an n-th root of unity if and onlyuifis an m-th root of
unity.

Proof: If uis anmth root of unitythenu™ = 1, sou” = UMP' = 1P = 1
andu is ann-th root of unity. Ifuis ann-th root of unity, then 0 =" -
1=u"P-1=@u"- 1), sou™- 1 =0 andu is anmth root of unity.

O
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So in the situation of Lemma 58.3, a splitting fieldkdf 1 overK is also

a splitting field ofx™ - 1 overK, and conversely. For this reason, in case
char Kz O, it is no loss of generality to assume that the ordea of
cyclotomic extension is relatively prime to the characteristiCc of

58.4 Lemma:Let K be a field and E an extension fielidK containing
all n-th roots of unityAssume char ik 0 or (char Kn) = 1. Then the set
of all n-th roots of unity is a cyclic group of order n under multiplication

Proof: If u andt are n-th roots of unity, thenut)" = u™" = 1.1 = 1 and
ut is also am-th root of unity. Since the number ith roots ofunity is
at mostn (Theorem 35.7), it follows that the set of @lth roots of unity
is a subgroup of* (Lemma 9.3(1). This group ofn-th roots of unityis
cyclic by Theorem 52.18. To prove that the order of this growgusl
to n, we must only show that all roots &t - 1 are simple. This follows
from the fact that the derivativexX™™ of x" - 1 is distinct from zero
(because of the asumptiohar K= 0 or ¢char Kn) = 1) so thax" - 1 and
nx"! have no common root. O

58.5 Definition: Let K be a field andE an extension field ofK
containing alln-th roots of unity. AssumeharK = 0 or (char Kn) = 1. A
generator of the cyclic group of ab-th roots of unity is called a
primitive n-th root of unity

C is aprimitive n-th root of unity if and only () = n. If { is a prim#
tive n-th root of unity, then alh-th roots ofunity are given without
duplication in the list

1=000 28 . ™1
or in the list

C,C21C3, o ’Cn—l,cn =1
and ¢ has ordem/(nj) (Lemma 11.9(2) Henced is a primitive n-th
root of unity if and only if Q,j)) = 1. There are therefogén) primitive n-
th roots of unity (cf. 811).
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If uis a root of unity and(u) =d, then, by definitionu is a primitive d-
th root of unity.

1 is a primitive first root of unity;1 € C is a primitive second root of
unity, ® € C andw? are primitive third roots of unity, € C and-i € C
are primitive fourth roots of unity.

58.6Definition: LetK bea field andn € N. Assume thathar K= 0 or
(char Kn) = 1. Letl be a primitiven-th root of unity and

{C,.5 ...Ccp(n)} ={d:j=1,2,....nand Q) = 1}
the set of all primitiven-th roots of unity in somextension field ofK.
The monic polynomial

(X - Cl)(x - Cz) e (X - Ccp(l"l))

of degreeyp(n) is called then-th cyclotomic polynomial over knd is
denoted byp _(X).

For example, ovel), the first few cyclotomic polynomials are

e (X)) =x-1, O, (X) =x-(-1) =x+1,

D (X) = (X - 0)(X - ©°) =xZ+X+ 1, D) = (X - i)(x+i) =x7+ 1.

We see that these are in fact polynomials/Z[®]. This is true for any
cyclotomic polynomial. Tha-th cyclotomic polynomiabver K does not
depend on the extension field Ofin which theprimitive n-th roots of
unity are assumed to lie. In factdbes not even depend &n(but only
on char K).

58.7 Lemma: Let K be a fieldn € N and assume that char K O or
(char Kn) = 1. Then

1) x"-1 =(|j|'| D ().

(2) (¥ € Z[¥] if char K= 0and® _(x) € Zp[x] = [Fp[x] if char K=p # 0.

Proof: (1) Anyroot u of x" - 1 is ann-th root of unity and(u) = d for
some divisor oh. Thenu is a primitived-th root of unity. Conversely, if
din, any primitived-th root of unity is am-th root of unity witho(u) =
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d. Thus®(X) = |_| (x - u). Collecting together the roots &f - 1 with
u=1
o(u)=d

orderd, for each divisod of n, we get

x"-1= |_| (x—u):|_| |_| (X-u) = |_| @ ().

u'=1 dn u'=1 dn
o(u)=d
(2) LetD =7 in casechar K= 0 andD = Zp = [Fp in casechar K=p = 0. We
prove® (x) € D[x] by induction om. Sinced,(X) =X - 1 and &,(X) =x +
1, we haveb (X) € D[X] whenn = 1,2.

Suppose nom = 3 and thatb (X) € D[x] for alld =1,2,...,n - 1. From

(1), we havex" - 1 =@ (¥) [ ©,9. Let usput f(x) = [] ©,9. Then
dn dn
d=n d=n

f(>) is a monic polynomial anffx) € D[x] since, by inductionp (x) € D[X]
for all divisorsd of n which are distinct fronm. As x" - 1 € D[x] and f(X)
IS monic, there are unique polynomig(x) andr(x) in D[x] such that

X" - 1 =q(X)f(X) + r(x), r(x) = 0 ordeg (xX) < deg {x)

(Theorem 34.4). Now |léf be an extension field &f containing all roots
of X" - 1. The division algorithm i&[x] reads

X"-1 =@ (Xf(X) + 0.

SinceD <€ K € E and the quotienand remainder are uniquely determin-
ed, the unique qubtieq’(x) in D[X] must be theunique quotien® (X) in
E[X] andthe uniqgue remainde(x) in D[X] must be the uniqueemainder

O in E[X]. Henced (X) = q(X) € D[X]. This éompletes the proof. O

n
The equatior® (x) = X -1 s arecursive formula fab _(X). Thus
[T ®460
dn
d=n

D(X) =Xx° - LA, ()D,(X)P4(X)

=x8- 1/(x- L)X+ 1)KZ +x + 1) =x% - x + 1.

Another recursive formula is fdr_(x) is given in the next lemma.
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58.8Lemma: Let K be a fieldn € N and assume that char K O or
(char Kn) = 1. Then

CIDn(X) — |_| (Xd _ 1)u(n/d) — |_| (Xn/d _ 1)u(d)
dn dn

Proof: This follows immediately from Lemma 58.7@nd Lemma 52.14
(in Lemma 52.14, let the field d&€x) and let the functiof: N — K(x)
ben— @ (). O

For example, we have, over

q>12(x) = (x12 _ 1)u(1)(x6 _ 1)“(2)(x4 _ 1)“(3)(x3 _ 1)“(4)(x2 _ 1)“(6)(x _
1)11(12)

= (XM - D - 1)/C - D(X* - 1) =x* - x*+ 1,

@15()() - (Xl5 _ 1)”(1)(x5 _ 1)u(3)(x3 _ 1)11(5)()( _ 1)u(15)
= AP - 1) (x- 1)/ - 1)C - 1)
= - X+ X - x*+ - x+ 1.

58.10 Theorem:Let Kbe a fieldn € N and assume that char &0 or
(char Kn) = 1.Let E be a cyclotomic extension of order n &atd € E be
a primitive n-th root ofunity and let () € K[x] be the minimal
polynomial oft over K Then
(1) E=K(0);
(2) Eis Galois over K
(3) IAut El dividesp(n) and Ay, E is isomorphic to a subgroup 8f;
(4) AwE=/7" < |AUWE =¢(n) = f(X) =2 (X

= @ _(X) isirreducible in Kx].

Proof: (1) Letaa, ....,a be the natural numbeilsss thann and
relatively prime tan (wherek = ¢(n)) so that(®.,(®, ...(* are the roots
of @ _(X). Now E is a splitting field ofbn'(x) by definition, scE is generated
by the rootsf @ _(x) overK (Example 53.5(d) andE = K(¢*,c%, ... %) =

K(Q).
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(2) The roots ofp_(X) are simplebecausep _(x) is a divisor ofx" - 1 and
theroots ofx" - 1 are simple(the derivative ofx" - 1, being distinct
from O sincechar K= 0 or ¢char Kn) = 1, is relatively prime t&" - 1). So

the irreducible factors df _(x) are separable ové&r SinceE isa splitfing

field of _(X), Theorem 55.7 shows thats Galois ovek.

(3) SinceC is a root ofp_(X) € K[x] andf(x) is the minimal polynomial of

¢ overkK, we sed(x) divides® (X) in K[x] and the roots of(x) are certain

of the roots ofd_(x). Let deg {xX) =s and{™™, ... ™ be the roots of
f(x), wherem ,m,, ...,m, are some suitable natural numbers relatively
prime ton and less than andm, = 1, say. Thus

f(x) = (x - T™M)(x - T™)...(x - ™).
Here we haveAut E = |[EK| = [K():Kl = deg {X) = s becauseE is Galois
overK. Any K-automorphism oE mapsf to one ofg™, ™, ... " Let -

be theK-automorphisng — (™M (i = 1,2,...,9). Since

= m — = i =i
Xy = Oy s M=M < m=m (modn) < i=]j,

are pairwise distinct andlut E = {«

o}

O(ml,O(rnZ, ...,O(mS ml,O(mZ, o %m

Let m” be the residue class off in Z . Sincem andn arerelatively
prime, therenoldsm® € Z_. We putG={m m, ..., m} ¢ Z . Consider
the mapping
a: G— AUt E
m -~ «

As O = O(n] = ml* = mJ the mappingr is well defined and one-to-one.

Both G andAutKE haves elements, sa is also ontoAutKE. Thena has an

inverseg:
B: AutKE—> Gc Z;.
Uy = m”
Suppose:zxmarq = Oy Then
m — = = = m = m — mym — -mm
Ce=Cap, C“marq (C0<m)0<rr5 (a )O<rq (CO("E) @€ =0,

som = mm (modn), som m"=my and therefore
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(o0 )B = (g )B =M =mm)” = (o )B(ox, ) B-

Hencep: Aut E — Z; IS a one-to-one grouppmomorphism, andm p =G
IS a subgroup oﬂ; and p is an isomorphism formf\ut E onto G. This
proves thatAut E is isomorphic to a subgroup df:] It follows from
Lagrange's theorem thiatut E| =|G divides|Z | = ¢(n).

(4) SinceAut E is isomorphic to a subgroup &f and|Z| = ¢(n) is finite,
we have the equivalengeit E= 7" < [Aut E =o¢(n).

We haveAut E =deg {X) andy(n) =deg® _(X). Nowf(X) divides® _(x) in
K[X] and bothf(x) and®_(X) are monic, s&(x) = ®_(x) if and only if
deg {x) =deg® _(X), so if and only ifAut El =¢(n).

Finally, since® (X) is monicand ¢ is a root of® _(x), irreducibility of
@ _(¥) in K[x] implies that? _(X) is the minimal polynomial of overK, i.e.,
thatf(x) = _(X). Conversely, if(x) =@ _(X), then® _(x) is irreducible. O

When the base field {9, we have sharper results.

58.11 Theorem:For any ne N, the n-th cyclotomic polynomiait_(X)

over{) is irreducible inZ[X].

Proof: Letn € N and letg(x) be an irreducible divisor ab_(X) in Z[X],
with deg dX) = 1 so that (X) = g(X)h(X), say, whergy(x), h(x) € Z[X]
are monic polynomials. L&t be a root ofj(xX). Thusg(x) is the minimal
polynomial off over().

Our first step will be to show that is also a root ofg(x) for any prime
numberp relatively prime ton. Now ¢ is aroot of ® (X), soo({) = ¢(n)

and ifp is a prime number such thatr() = 1, thero(¢P) = ¢(n) andP is
also a primitiven-th root ofunity: (P is a root of® _(x), so (P is a root of

g(x) or of h(x). Let us assume, by wapf contradiction, thatP is not a
root ofg(x). Then(P is a root oh(x). Then( is a root oh(xP) and h(xP) is
divisible by the minimal polynomiaj(x) of { overQ.

Let us writeh(xP) = g(X)p(x), wherep(x) € O[x]. Let
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h(xP) = g()a(x) +r(x), r(x) = 0 ordeg (x) < deg dx)

be the division algorithm id[x] (g(xX) is monic). The uniqueness of the
quatient and remainder i#f{x] € (J[X] implies p(X) = gq(X) andr(x) = O.
Thus we havéa(xP) = g(X)p(x), wherep(x) € Z[X].

Letv:Z — [Fp be the natural homomorphism andvef[x] — [Fp[x] be the

homomorphism of Lemma 33.7. We shall ws(g) instead ofs(x))v for
s(X) € Z[X]. Thenh(xP) = g(X)p(x) implies

h(xP) = g(x)p(x) in [Fp[X]-
Sincechar Zp = p, there hold#$i(xP) = h(X)P in [Fp[x] and we get
h()P = g(x)p(x) in T [x].

So there is an irreducible factor g(i) in [Fp[x] which dividesh(x)P and
which therefore divideB(X) in [Fp[x]. Thusg(x) and h(x) have a common

factor in [Fp[x]. Sinceg(x)h(x) =& _(X) dividesx" - 1in Z[x], there is ak(x)
in Z[x] such that

g(Xh(X)k(x) =x" - 1 in Z[x],
SO gOOh(Xk(X) =xT - 1L =x"-1 in [Fp[x]

andx"-1¢ [Fp[x] has a multiple root. Buhe derivative ofk" - 1 € [Fp[x]
is not O€ [Fp[x], so relatively prime tx" - 1 andx" - 1 € [Fp[x] has no

multiple roots. This contradiction shows tld2must be a root af(x).

Hence if pis a prime number,

(pn) =1,
¢ is a root ofg(x), thenlP is a root ofy(x).

Let m be any natural number satisfying<lm << n and m) = 1. Then

m=p,*p,*...p % with suitable prime numbens relatively prime ton.

Repeated applicationf the result we have just proved shows tffais

a root ofg(x) when( is. This is true for each dhe ¢(n) natural numbers

m such that = m << n and m) = 1. Thusg(x) hase(n) (distinct) roots

(M andg(x) is divisible by J_| (x-CM = (X). Hence® (x) = g(x) and
1<m<sn

(nm) =1
®_(X) is irreducible inZ[x]. O

a7



58.12 Theorem:Let n¢ N and let { be a primitive n-th root of unity
in some extension @f. ThenW(?) is Galois ovefl) andAut D (C) = 7,

Proof: Since® (xX) is monic and irreducible iZ[x], it is irreducible in

O[x] (Lemma 34.11). The claim follows now from Theorem 58.10. O

We consider the special case of Theorem 58.12 whésgrime.Let p
be a prime number. Then the isomorphi%’;n: [pr = Aut@@(C) is given,

in the notation of the proof of TheoresB8.10, bym™ — Uy € Auty (D),
whereami: . — M. Both [pr and AUt@@(C) are cyclic. Letg € Z be such
that its residue clagg ¢ [pr is a generator dRpx. ThenAut@@(C) = <o>,
wheres = Xy i.e.,o is the automorphisr— 9.

Then thep-th primitive roots of unity are

NI i
and we haveX ¢ — ¥ Let us put, = 9 Then Chr(p1) = Lok (PD = gk =
¢, SO that any indek can be replaced by apyvith k=j (modp - 1).
Now ¢, 0 = (%0 = ((0)¥ = (9 = 9" =¢,, and{ o™ = (@)™ = @M =
(99 = 9" = {.,r Thuso raises the index by 1 and more generallly

raises the index bmn.

Let us find the intermediate fields of thetension)({)/1. Since)(?) is
Galois overl), and sinceAut U(f) = <¢> is cyclic of ordermp - 1, thereis

oneand only one intermediate field for each positive divesof p - 1,
namely the one that corresponds to the subgraup of Aut@@(C).

Hence this field, sal¢,, is the fixed field ot® and|K 0| =|<c><c®| = e In
order to describ&_ explicitly, we note first that

{11C1 Cgl nga Cgs1 e !Cgp_z} = {1’ CO’ Cl’ CZ’ C3 L 1Cp—2} = {1! C!CG! C621 Cdga L 1C6p_2}

is all-basis of()(¢) since this set is equal to {&2.3, ... (P, which is a
()-basis of )(Y) by Theorem 50.7. So any elemantin (J(Y) can be
written in the form

U=agty+ta0) +at, +aly+ - +a 0,
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with uniquely determined,a, a,, ...,a

01 € Q. Here

Uo® = (gl +a,0y +ayl, +aglyt - + ap—ch—z)ce
= 80ber0 T 10ei1 T 0ein T 830zt T A 500 poy

andu is fixed byc€, i.e.,usc® =u if and only if

Abero T 10y T Abeip T AL 3 F a‘p—ZCe+(p—2)

= 80t ei1ber1 T iolern TAaigberz T F ae+(p—2)Ce+(p—2)

which is equivalent, when we plLEt (p - 1)/e, to

89 T80~ %0 T a0 = T T Ar1)et0
A T80 T a1 T 8301 T T &qyert
A T 8e0 T8 T 360 T T T &pq)er2
Ae1) = B%ie1) ~ Dere1) ~ Xere1) T T Af1)et(e1)

and this means = a,(Go + Lo * Lo * (o "+ *+ C(r.1)0
(0] + 8ot o1 tCaernt T C(f—l)e+1)
M (S N D e P C(f—l)e+2)

+ ...

+85 1(Ceq * Core1) t Coere1) t Caereny T F Sif-1)er(e 1)

We putnk:Ck+Ce+k+C2e+k+C3€+k+ s+ C(f_l)eﬂ( (k=1,2,...,e-1). The
elementsn, are called theeriods of f termsWe seeu is fixed by o€ if

and only ifu = g tayn, tan, + -+ +a  n , with ayd d,, -8, € @D.
So {ng Ny N ---:N 4} is @aW-basis ofK,

Note thats: Ng— Ny Ny = Ny Ny — Mg, - Thus each

o ne—2 - ne—l’ ne—l - n0'
of ng,, Ny, N - -0, 4 is fixed byo® and by powersf ¢° but not by any
other automorphism ofAut@CED(C). Hence all intermediate field®(n),
©O(ny), @(n,), ..., O(n,) of W()/Lcorrespond to theame subgrougps®>
of Aut()(Z). This forcedll(ny) =W(n,) =W(n,) = --- =W(n_,) = K,. So any
period off terms is a primitiveelement ofK,, the unique intermediate
field of O(0)/W with K Ul =e.
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D) 1
f f

@(nk) <o
e e

() <o>

We summarize our results.

58.13 Theorem:Let p be a prime number arida primitive p-th root

of unity insome extension field &f. Let g € Z be such that its residue
class g in [Fp is a generator depX. Then

(1) O(¢) is Galois ovefl;

(2) Aut,O(?) is acyclic group of order p 1. A generator of Ag((C) is
the-automorphisne: ¢ — 9.

(3) Let e and f be natural numbers such that pf 1, and put

2etk

nk: Cgak+cg + ...+ Cg(f—l)ak (k: 0,1,2,...,6— 1)

Then thereis one ond only one intermediate field of the extension
D(0)/0 whosel)-dimension is equal to. &his field is((n) for any k=

0,1,2,...,e- 1. The set{n, ny, n, ....n 4} is a @-basis of O(n,). All
intermediate fields df(0)/0 arefound in this way as e ranges through
the positive divisors of p1l. O

58.14 Examples(a) We find all intermediate fieldsf (J({), where the
complex numbet € C is aprimitive 7-th root of unity. These are the

simple extensionsf () whose primitive elements are the periods. In
order to construct the periods, we need a generat&;‘.d’r)nechecks

easily that the residudass of 3 is a generator E;X The images ot

under powers of the automorphisni — > are

g, 3o
The 1-term periods are3,(2,8,(%° andQ©Q) = Q3 = Q) = OEP) =
O(C* = Q(>) is the intermediate field withi)(): Q] = 6.
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The 2-term periods are + 8, 2 + % 2 + ¢® and Q@ + ®) is the
intermediate fieldD(C + ¢®):0] = 3. We also hav&®(C +¢®) =@ + Y =
O3 + % =0 + £3).

The 3-term periods ame=C+ 2+ % 0 =3+ % + ¢ and@(n) = O(n) is
the intermediate field with)(n):Q| = 2.

The 6-term period ig2 + 2+ %+ +° + 7 =-1 and(Q(-1) = Q is the
intermediate field withQ(-1):0] = 1.

)

2
3 QE+chH

O(n)

)

(b) We determine the intermediate fields ©@{0)/), where ¢ is a
primitive 17-th root of unity. The divisors of 71 = 16 arel,2,4,8,16
and there are five intermediate fields, of dimensions 1,2,4,8,1dlover

X

7
powers of 3 are congruent, modulo 17, to

1,3,9,10,13,5,15,11,16,14,8,7,4,12,2,6

The residue class of 87 in [, is a generator of . The successive

The 8-term periods are
no=C+C9+C13+C15+C16+C8+C4+C2
nl=C3+C10+C5+C11+C14+C7+C12+C6-

An elementary computation showsat ng + n, =-1 andngn, =-4. Song,
~17\17
2

has the plus sign depends on the choiace Wfe may assumgis al7-th
root of unity that appears in the period with the plus gmherwise
replacel by one of the rootsf unity that appear in the period with the

_1n/17 _-14\17
2 2

andy, =

andn, are the roots of® + x - 4. Hencengn, = . Which ofn,n,

plus sign). Them =

The 4-term periods are
Xo =L+ TP+ M0+t o, =+ P+ B+ P
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X1:C3+C5+C14+C12, X3=C10+C11+C7+C6

and Xo T Xo = N XgXo =15 X, F X3 = Ng Xy X5 =1

Hencex, andx2 arethe roots ofx® - n.x - 1 andxl and X5 are the roots

0)
No+\ / n(2)+4 Mo\ / n(2)+4

> and x, = s by
assuming thai is a 17-th root of unity that appears in the pexiadth

of X° - n.x - 1. Here we mayut Xo =

1

- 2
n,F\/nT+4
2

longer be arbitrarily assigned by choosiggsuitably. To determine
which of Xq:X3 has the positive radical, we note

the plus sign The signs of radicalsxifx; = , howevercan no

(Xg = X2)(x4 ~ x3) = 2(ng - n,)

2
ngt4 —
. . . NN ns+4 _ Ny \n3+4
SO thatx1 - X5 Is positive. This giveg, = > andx3 = > .
The 2-term periods are
P, =L+, p, =B+t
l|>1=C3+ (14 lp5:C5+C12
v, =%+ 8 W, =P+
P, =0+ e =M+ 8

Herey, + v, = x, andlpolp4 = X, SOW, andtp4 are roots of® - x

X"\ XG4 X"\ XG4

> - We putyp, = > . In like manneas

above, one can findolynomials whose roots ang and determine the

oX + Xq-

Thusy,, v, =

roots without ambiguity.

A 1-term period i€, which is a root ok? - pxX + 1. Hence we may put

_wot \/‘pcz)_4
= > _
The subfield structure d@#(¢) is depicted below.
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()
2

D)
2

D(xe)
2

@(ny)
2

()

We now prove aimportant theorem due to J. H. M. Wedderburn which
states that any finitéivision ring is commutative. The proof makes use
of the class equation (Lemn2b.16) of the multiplica-tive group of
nonzero elements in a finite division ring. Let us recall the @gaation

of any finite grous is

6 = Siec ool
i=1

wherek is the number oflistinct conjgacy classesx;x,, ... x_are
representatives of these classes @ud,) = {g € G xg = gx} are the
centralizers ok (i = 1,2,...,K).

In addition to these centralizer groups, we considatralizer rings and
evaluate their dimensions to find therms in the class equation. An
argumentinvolving cyclotomic polynomials shows than that the class
equation cannot hold unless the division ring is commutative.

In order not to interrupt the main argumeng establish two lemmas
we will need.
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58.15 Lemma:Let n bea natural number greater than one and let
@ _(X) be the n-th cyclotomic polynomial ovi@r Then for any a proper

divisor d of nwe have

n

ch(X) — X(n/d)—1+ X(n/d)—2+ R X(n/d) +1 in Z[X]

x9- 1

and for any natural number,q

n

q_
qs- 1

(o)) in Z.

Proof: Since® (QI(x" - 1) andx” - 1 = @ - D[(X" - 1)/ - 1)], it is
sufficient to show thab _(X) is relatively prime taxd - 1 for any proper

divisord of n. But thisis clear, because _(X) andx® - 1 have no root in
common: the roots ob _(X) are primitiven-th roots of unity, whereas

root of x4 - 1 cannot bea primitive n-th root of unity ifd is aproper
divisor ofn. This proves the divisibility relatiom Z[X]. Substituting any
integerq for x (and using?_(x), x" - 1)/(x°I - 1) € Z[X]) we obtain the

divisibility relation in/Z. O

58.16Lemma: If n > 1 and ¢ _(X) is the n-th cyclotomic polynomial
over@Q, then|® _(q)l > q - 1for all g € N with g= 2.

Proof: We haveb _(X) = |ﬂ| (x- Ck), where( is a primitiven-th root of
k=1
(kn)=1

unity in someextension field ofl). For example, we may takKe= e™/".
Substitutingg for x and using the triangle inequality- bl = | |al - |b| |,
we get

|‘Dn(Q)| = |ﬂl |q—Ck| = IDI |q_eZ:rrki/n| > |DI | Iqf _ |2/ |

k=1 k=1 k=1
(kn)=1 (k,n)=1 (kn)=1
=[] la-1=@- 1% =@- 13- > q-1
k=1
(kn)=1
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in casep(n) - 1 = 1 sinceq > 1. In case(n) - 1 = 0, we haver = 2 and
o (a)) =q+1>q-1.

O

58.17 Theorem (Wedderburn's theorem):If D is a finite division
ring, then D is a field

Proof: Let D be a division ring with finitely many element®.= D \{0}
is then a finite group under multiplication and the class equatibhisof

DY = iIDX:CDX(xi)I,
i=1

wherek is the number of distinct corgacy classes &f and Xy Koy« X

arerepresentatives of these classes.

We now putC,(X;) ={a € D: xa =ax} = Cyx) U {0} < D. Sincea,b € C,(x;)
impliesx(a + b) = xa +xb =ax +bx = (@ + b)x, we seeC (x) is closed
under additionand thusC,(X;) is a subgroup ofD under addition
(Lemma 9.3(2). AsC,(x){0} = C,.(x) is a subgroup ob’, we conclude
thatC,(x;) is a division ring (a subdivision ring bJ.

The same argument proves thatdkaterof thering D:
Z={a € D: xa=axfor all x € D} = Z(D") U {0}

is a a subdivision ring df. ButZ is a commutative division ring, i.&,is
a field. Thenchar Z= p for some prime numbeay and|Z = pt for some
natural numbet. We putq =p" =12 for brevity.

We haveZ < C,(x) & D. Since multiplicationin D is associative and
distributive over addition, and since % a for all a € C,(x;), we get that
C,(%;) andD are vector spacewerZ Letdim,C,(x;)) = m anddimD = n.

Then, as in Lemma 52.1, we haeg(x)l =12™ =q™ and|Dl = 2" = q".
This gives|C,.(x) = IC;(x)M0} | =I1C,(x)l - 1 =g - 1 and likewiseD{| =
ID\M{O} | =ID| - 1 =g" - 1. The class equation is therefore

|D q" -1
n_1= IDC..(x:)| = I - .
; izl o0 21 ICo ) & g™ - 1
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Now |DCL.(x;)| is an integer, s@™ - 1 dividesq” - 1 and this implies
thatm dividesn (Lemma 52.7(2)

We want to show thdl is commutativepr, what is the same thing, that

Z=D. We will assumé& z D and derive a contradiction. Well, 4t D, then
n > 1 and there is at least ome such that|DC_.(x) = 1, because

ID°Co«(Xx)l = 1 if and only ifx € Z([D). We sochoose the notation that
{x %, ... x}=20D) andx_, ., ..., X are not in the center ®. Thenthe

class equation becomes

n

-1

q'-1= §|DX:CDX(xi)| + §|DX:CDX(xi)| = zZoy + S a4

i=1 i=h+1 i-h+1d ' - 1
g’ -1
q"-1=@-1)+ :
i:Zqum -1

and m is aproper divisor of n fori =h +1,... ,k Asn > 1 by

n

assumptiong (q) dividesqm _ 1

foralli=h+1,... k(Lemma 58.15);

¢ _(qg) divides alsog" - 1. We read from thelass equation that _(0)
dividesq - 1. But this is impossible, fo® _(q)l > q- 1 by Lemma 58.16.

Thusn =1 andD =Zis commutative. O

Exercises

1. Find them-th cyclotomic polynomiad _(X) over() for m < 50.

2. Let® _(X) denote then-th cyclotomic polynomial ovel. Prove:
(@) o, =2 (-x) if 2+n.
(b) CDpn(x) = CDn(xp)/CDn(x) if pis an odd prime number apdin.

3. Evaluate th@*-th cyclotomic ponnomia@pk(x) over() if p is a prime

number andk € N.

4. Letpk € N andp be prime. Letcpp(x) denote thep-th cyclotomic
polynomial overl). Prove that, iﬁl(bp(k), thend = 1 (modp) ord =p.
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5. Letp € N be primek € Z and letk be the residue class kfin [Fp. Let
n € N and ¢ _(X) the n-th cyclotomic polynomial ovef). Supposehat
pt+n. Prove the following statements.

(@) ple (K) if and only ifo(K’) =n (order ofK in [pr is n).

(b) There is an integarwith p|<I>n(a) if and only ifp=1 (modn).

6. Letn € N and®_(X) the n-th cyclotomic polynomial ovef) and let
PP, -.-,P,, be prime numbers of the form+1 (t,n € /7). Use Ex. 5 and

prove the following statements.

(@) ¢,(anp,p,...p,) = ¥1 (modnp,p,...p,) for anya ¢ N.

(b) @ _(anp,p....p,) # 71 if a € N is sufficiently large.

(c) For somea € N, there is gprime divisorp of ¢ _(anp,p,. .. P,
which is distinct fronp,,p,, ...,p,;

(d) There are infinitely many prime numbe@rsf the formtn + 1.
(This is a special cas# the following celebrated theorem of Dirichlet: if
a,b are any relatively prime integers, then therfeaitely many prime
numbers of the forman+ b.)

7. Find all subfields of)(¢), where( € C is a primitiven-th root of unity

_1n/5+\10+2/5

4

andn = 4,5,6,8,12. Prove®/5 =

8. Prove the formula due to Gauss:
21 1 1 1
= + + -
00517 16 E\/1_7 16 \/34 2\/1_7

+;\/17 +3/17 - \V34- 217 - 2\34 + 217

9. Under the hypothese$ Theorem 58.13, show that tBetof periods
independent of the integegrfor which g* is a generator oEFpX, but the

indices ofindividual periods do depend an Describe this dependence.

10. Let thehypotheses of Theorem 58.13 be valid, witn odd prime
number, and let,, n, be the [p-1)/2]-term periods. Prove thatn, =

-(p- 1)/4 or o + 1)/4 according ag= 1 (modp) orp=3 (modp). Show

that . = N(1)®PY2p. (The sign depends on theimitive p-th
root of unity we take. If we choose=&? /P , then the sign is plus.

This is considerably difficult to prove. This exercishows ( V(
1)P D2y is contained in theyclotomic field (). A theorem of class
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field theory, known as Kronecker-Weber theorem, states that any finite
dimensional Galois extension of whose Galois group is abelian is
contained in a suitable cyclotomic extension of

11. Let | denote a primitivdk-th root of unity. Show thatf (n,m) =
1,then ( , )= (,pand () (9=

12. Let be a primitive n-th root of unity. Prove that all roots of
unity in ()are 1(=0,1,2,....n 1).

13. Letp be a prime number andp(x) the p-th cyclotomic poly
nomial over . Find the discriminant ofp(x).

14. Show that any finite subring of a division ring is a division ring.

758



