8 59
Applications

This paragraph consists of five parts. In the first part, we give an exact
definition of solvability by radicals,discuss radical extensions and
establish the fundamental theorem dueQalois that a polynomial
equation is solvable by radicals if and onlythE Galois group of the
polynomial is asolvable group. In the second part, we apply this
theorem to the general polynomial of degreever afield and deduce
Abel's theorem: ih =2 5,then the general polynomial of degnmedés not
solvable by radicals. In the third part, wdiscuss solvability of
equations when the degree is prime. In the foud#nt, we give
formulas for the roots of polynomials of degree twWoee and four. In
the last part, we examinghich real numbers can be constructed by
ruler and compass.

We studysolvability of polynomials by an algebraic formula. We start
by clarifyingwhat we mean by an algebraic formula. Intuitively, this is
an expression like

involving addition, subtraction, multiplication, division and takingh
roots, where the terms in innermost radieaits elements of the field to
which the coefficientsef the polynomial belong. If the terms are from a
field K, the fieldoperations addition, subtraction, multiplication, division

n
giverise to elements in the same fi&ddbut extraction oh-th root\/g
amounts to a field extension, namely to the adjunaifam root ofx" - a
to K. Thus a formula basically desribes a sequence

KOQ Klg KZQ cK

n

759



of fields, K, being the field in which the coefficients of the given
polynomial lie and eack,,, is obtained fronK, by adjoining a root o&

polynomial of the fornx" - a ¢ K[X] to K. These considerations lead to

the following definitions.

59.1 Definition: Let E/K be a field extension. If there are elements
u,u,, ...,.u, in E such that

(LE= K(ul,uz, ...,un),
(2) there exist natural numbeéish,, ... ,h _ such thaiulhl € K and
uf e K(u, ....u_,) fori=2,...n,

thenE is called aadical extension of K

59.2 Definition: Let K be a field and(x) € K[x]. We saythe equation
f(xX) = Ois solvable by radicalprovided there ia splitting fieldS of f(X)
overK and a radical extensidthof K such thakK € Sc R.

Note we do not require the splitting fietditself to be a radical exten
sion, rather tha® be contained in some radical extension.

It follows from Definition 59.1 that a radical extension is a finitely
generated and in fact a finite dimensional extension. Wheoowsider
radical extensions as in Definition 59.1 we agrés, uniformity in
notation, to read(u,, ...,u _,) asKk whenh=1.-

If, in the setup of Definition 59.1h =rs and if weput u" = u. so that
u,l,S € K(u,, ...,u_,), then we may insert the fiekdu,, ... ,u

K(u, ...,u_;) andK(u,, ...,.u_;,u):

L_,,u.) between

K(u SU ) S KUy, LU ue) S KU, LU U u) = KU, LU W),

1
without disturbing the condition (2) in Definition 59.1 because

S r
u.= € K(uy, ...,u_) andu’ € K(u,, ...,u_,,u.).

Thus inserting additional intermediate fields nkecessary, we may
suppose thate h in Definition 59.1 are prime numbers whenever we
want to.

760



One of the principle theorems in this paragrapthat, if a polynomial
equationf(x) = O is solvable by radicals, then the Galois grouf§x) is a
solvable group (Definition 27.19). In fact, webtain more general
results. In thenext three lemmas, we study radicality of some related
field extensions.

59.3 Lemma:Let KC L € E be fields

(1) If E is a radical extension of ,khen E is a radical extension of L

(2) If L is a radical extension of Kand if E is a radical extension of, L
then E is a radical extension of K

Proof: (1) If Eis a radical extension &f there areu ,u,, ...,u in E such
thatE=K(u,u, ...,u) anduihi € K(uy, ... ,u_,) for some natural numbers
h (=12,...,n). ThenE=L(u,u, ...,u), asKk < L < Eand alsculhl €L

h

andui i€ L(ul, ""U1-1) fori = 2,...,n. ThusE is a radical extension af

(2) If L is a radical extension &f then there are elementsu,, ... ,u_ in
L such that =K(u,,u,, ...,u) and natural numbetg,h,, ... ,h_ such that
ulhl € K and u,lhi € K(u, ...,u_)). If Eis a radical extension df, then
there are elementst,, ...,t_inEsuch thaE=L(t,t, ...,t) and natural
numbersk K, ... k_such that " € L andt® € L(t,, ... t_)). Thus there
are elements, ,u, ...,u tt, ....t_inEsuch that
E=K(u,w, ...,.u tt, ...t ) and natural numbetg,h,, ... h K K, ... kK
such that

ulhl € Kand

h, -
u™ e K, ...,u_j)fori=2,....n,

k.
™ e K(upu,...,u _,u)
th e Kupu, ...u t, ...t )fori=2,...m
This shows thak is a radical extension &f O

59.4 Lemma:Let K be a field and ,M radical extensions of K contained
in some extension of Khen their composituiiseeDefinition 50.17)LM
is a radical extension of.K

Proof: SinceL andM are radical extensions 8f we have
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L =K(u,w, ...,u) andu” € K(u, ....u_,) (i=1,2,...n
M =K(t,t, ...t ) andt]"i € K(ty, ...t_,) (G=12,...,m)

with some suitable elementlxﬁfj and natural numberhf,kj. Now LM is
the smallest subfield & containingk andu,,u,, ...,u_tt, ....t , soLM =

Ku,w, ....ut,,t, ... t). Sinceu1hi € K(u, ...,y _,) fori=12,....nand

Iikewiset]ki € Kupu, ....ut,....t_)forj=12,....m we conclude that
LM is a radical extension &f (WhereK(ul,uZ, Soaut, oo ) is to be
read ax(u,,u, ...,u) whenk = 1). O

59.5 Lemma:Let K be a radical field extension and Mtbe a normal
closure of K over EThen N is a radical extension of K

Proof: Let {a,,a, ....,a } be aK-basis ofE and letf(x) € K[x] be the
minimal polynomial ofa, overK. We remind the reader of the fakatN
is a splitting fieldof f(x):= f,()f,(x). .. f (X) over K (see the proof of
Theorem 55.11).

Leta be a root ofj(x). There is &-isomorphisnmp: K(aj) — K(a) with ap =
a (Theorem 53.2). Sinck is a splitting field off(x) over K(a]) and over

K(a) (Example 53.5(9) the isomorphism extends to &-automorphism

®: N — N of N (Theorem 53.7). TheB? is an intermediate field dfi/K
which is K-isomorphic toE and E® contains the roo:laj of fj(x). In this

way, we find,for eachj = 1,2,... m and for each roob of fj(x),

intermedi-ate fields oN/K which areK-isomorphic toE and which
contain the roob of fj(x).

Let E E, ... E, be the fields obtained in this wayhen eachk is K-

isomorphic toE and so a radical extension df. Using Lemma 59.4
repeatedly, we get that the compositBi{E,(E( ... E))...) is a radical

extension oK. But this compositum is a subfield ®fcontaining all roots
of f(X). SinceN is a splitting field off(x) over K, the compositum must
equalN. ThusN is a radical extension &f O
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59.6 Lemma:Let E/K be a finite dimensional field extensjon € N.
Assume char kK 0 or (m,char K) = 1 and let{ be a primitive m-thmoot of
unity. If E is Galois over Kthen KE() is also Galois over K

Proof: We have a chain of field& € E € E({). By Theorem 55.7, there is
a polynomialf(x) € K[X] whose irreducible factorare separable ove
such that is a splitting field off(xX) overK andE({) is the splitting field
of the m-th cyclotomic polynomial®_ (x)° over E, whose irreducible
factors, too, are separable o¥€iTheorem 58.10).

We claimE(C) is a splitting fieldof f(x)®_(X) € K[x] over K (we have
® (X) € K[x] by Lemma 58.7(9) Since the irreducible factors of
f)o, () have no multiple roots, they are separable dveand the
claim will imply thatE(C) is a Galois extension &f(Theorem 55.7).

Any root of f(Xx)®_(X) is inE(C), sof(X)®_(X) splits inE(C). Now letF be a
subfield ofE(C) containingK such that(X)®_(x) splits inF. Then all roots
of f(xX) are inF and, sinceE is generated oveK by the roots off(x)
(Example 53.5(d) E c F. Moreover,F containsg, so we haveE(f) < F.
Thusf(X)®_(X) cannot split in any proper subfield BfC) containingK
andE(¢) is therefore Galois ove: O

59.7 Lemma: Let K be a fieldn € N and assume that char K O or
(char Kn) = 1. Suppose that K contains a primitive nrtiot of unity Let
a € K\{0} and let u be a root of'x a € K[x]. Then

(1) K(u) is a cyclic extension of;K
(2) IK(u):K| divides nand uXWKl ¢ k.
Proof: (1) We must show((u) is Galois oveK andAut K(u) is a cyclic

group. IfC € K is a primitiven-th root of unity, theru, Cu, C2u, ..., "
are the roots aof" - a. ThusK(u) is a splitting field ofx" - a overK. The
polynomialx” - a has no multiple roots, so the irreducible divisors of
X" - a are separable ov&r ThusK(u) is Galois oveK (Theorem 55.7).

We now show thafut K(u) is cyclic. Ifo € Aut K(u), thenuo is a root of
X" -a, sous = ¢,u for some (not necessarily primitiveyth root C_ of

unity. Sincef U =u(o1) = (Uo)t = (C Wt = (L,7)(ur) = Cu = (C,C)u and so
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¢, = C,C, for anyo,t € Aut K(u), the mapping: Aut K(u) — <¢> < K'is a

6 —(
homomorphism of groups. Heses Ker ¢ if and only ic15= ¢, =1, ie., ifand
only if us = u, so if and only ifs is the identity mapping oK(u). Thus
Kerg = 1 andp is one-to-one. This shows thaut K(u) is isomorphic to
a subgroup oK. SinceAut K(u) is finite, Aut K(u) is a cyclic group by
Theorem 52.18.

(2) Let|K(u):K| =d. SinceK(u) is Galoisover K, we haveAut K(u)l = d by
thefundamental theorem of Galois theory. &at K(u) is a cyclic group
of orderd, say Aut K(u) = <¢>. Now <¢> is isomorphic to a subgrouf_ >
of <¢> and<{> has orden. Henced/n. Moreover,o0(¢) = |<{ >= |[<¢>| = o(0)
=d,s0{ %=1 and ¢%o = ) = (U =¢ % =u9, sou? is fixed byo

and byAut K(u), sou® € K sinceK(u) is Galois ovek. O

We now proceedo prove that the Galois group of a polynomial is a
solvable group if the polynomial is solvable by radicHlswvill be seen
that it is sufficient to prove this under tlasumption that a splitting
field of the polynomial is a radicalxtension (rather than a subfield of a
radical extension), and omeay moreover suppose that splitting field of
the polynomial is Galois over the base field. As a technical convenience,
we will bring a certain root of unity into the base fieldhen the
subgroups of th&alois group corresponding to the intermediate fields
as in Definition 59.1 under th&alois correspondence will make up a
chain such that each group will be normatha next one and the factor
groupswill be cyclic by Lemma 59.7. This will give an abelian series of
the Galois group, which must be therefore solvable.

59.8 Theorem:Let K be a field and E a Galois extension o_fI1KE isa
radical extension of khen Au E is a solvable group

Proof: SinceE is a radical extension &f we haveE =K(u,,u,, ...,u) and
there are natural numbersh,, ...,h_such tha’uihi € K(u, ...,u_,) fori
= 1,2,...,n. Without loss of generality, wenay supposeh are prime
numbers.
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First we show thatchar K, if distinct from O., can be assumed to be

distinct fromall the prime number§. Indeed, if Oz char K= p = h,

thenu.lp € K(u,, ...,ui_l). ButE is Galois, hence separable oXeand over
K(up, ... ,u_)) (Lemma 55.6), sa, is separable ovef(u,, ...,u_;) and
K(ug, ... u_,u) =K, ... ,u_)(u) = K(u, ...,ui_l)(uf’) =K(u, ... ,u_,WP) =
K(ug, ...,u_)) by Lemma 55.16. Thuqu,, ...,u._,) =K(u,, ...,u_;,u) andu

can be deleted from the set of generat¥ve. assume aljenerators of
this type have been deleted and thustladl prime numberd are
relatively prime to the characteristickofn casechar K=p # 0.

Putm = hh, .. h and let{ be a primitivem-th root of unity. We

consider the cyclotomic extensiofg) of E andK({) of K:

E©)
E K(©)
E N K(@©)

K

Since eitherchar K= 0 orchar Kis relatively prime tan, Lemma 59.6
shows thag()/K is Galois(E is finite dimensional ove because is a
radical extension df). Theorem 54.25(2) givesut_E(() < Aut E() and
Aut E = Aut E(C) / AUt_E((). We want to prove thaiut E is a solvable
group. If we can show thatut E(C) is solvable, theut E will also be
solvable,because a factgroup of a solvable group is solvable (Lemma
27.20). Thus it is sufficient to prove thatit E(C) is a solvable group.

We make one further reductiok(() is a Galois extension of by
Theorem 58.10(2), sAutK(C)E(C) < AU E(C) and moreoveAut K(C) =
Aut E@©) / AutK(C)E(C). We know that Aut K(¢) is abelian (Theorem

58.10(3). Thus Aut E(C) / Aut, E(D) is abelian and solvable. If we can
show thatAutK(C)E(C) is solvable, thermAut E(C) will also be solvable in
view of Lemma 27.21. Thus it is sufficient to prove M(C)E(C) is a
solvable group.

We putK(f) = 5 andK(,u,, ...,u) =E fori = 1,2,...,n. In particularg, =
K@Cu,u, ...,u) =Ku,u, ...,u)(¢) = E(¢). SinceE /K is Galois,E_ is Galois
over any intermediate fielflTheorem54.25(1). Thus E, is Galois over
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B, LetG < AutEoEn = AutK(C)E(C) be the subgrouf” = AutEiEn of AutEOEn
corresponding t& (i = 0,1,2,...,n).

E(D) = E, G =1
E G
1 1
Ba G
K@) = E, G,
Now charE_, = O or relatively prime tt,
E =K@Cu,, ...,u) =K@u,, ...,u_)u) =E_,(u),
uihi € K(u, ....u_,) s K(@Guy, ....u_,) =E_,,
and E_, has a primitiveh-th root of unity,
since in faclEl_1 has a primitivean-th root of unity (= 1,2,...,n). Thus

Lemma 59.7 applieand shows thaf is a cyclic extension of_; of
degreéEI :El_ll =h or 1. In particular; is Galois oveE_;, and, sincet _is
also Galois oveE_,, we getG <] G_, andG_ /G = AutEi_lEI from Theorem
54.25(2).Thus|G_,/G | =|E :E_,/ =h or 1 andG_,/G is cyclic (of prime
orderh. or of order 1). Hence

1=G,9G,,<G,,<... 96, 4G, =Aut, E =Aut E(Q)

is an abelian series éfutK(C)E(C) andAutK(C)E(C) is a solvablegroup. This
completes the proof. O

59.9 Lemma:Let ZK be a field extension and
K,={a € S:ap =aforallp € Aut E}.
Then Atq(E = AutKlE and E is Galois oveh(l.

Proof: Clearly K, is closed underaddition, subtraction, multiplication
and division; s is a field and we havec K, by the very definition of
K- Any K-automorphism ot fixes the elements & and, sinceK < K,
anyK -automorphism of fixesK elementwise. Thuaut E = AutKlE.
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If b € Eis fixed by allK-automorphisms of, thenb is fixed by all K-
automorphisms df, sob € K. HenceK| is the fixed field ofAut  E, which
1

mean<t is a Galois extension chL. O

59.10 Theorem:lLet KC SC R be afields_ If R is a radical extension of
K, then Aw S is a solvable group

Proof: We putk, ={a € S:ap =a for allp € Aut E}. Then Aut, S = Aut, S
1
andSis a Galois extension &f by Lemma59.9. MoreoverR is a radical

extension oK, (Lemma 59.3(2). LetN bea normal closure of, overR.
ThenN is a radical extension &f by Lemma 59.5.

N
R

radical
S radical

Galois

Now S is a Galois extension &, so S is (K;,N)-stable (Theorem 54.23).
ThenAutN < AutKlN andAutKlN/ AUtN is isomorphido the subgroup
of AUtKlS consisting of alk -automorphisms of that are extendible N
(Theorem 54.24). What is thsubgroup ofAutKls? SinceN is normal
overK,, thereis a polynomialf(x) in K [x] such thatN is a splitting field
of f(X) overK, (Theorem 55.8). Thul is asplitting field of f(x) over S

(Example 53.5(9)and anyK;-automorphism o can be extended to a
K-automorphism o (Theorem 53.7). So the subgroupfaft, S consist
1

ing of all K;-automorphisms o$ that are extendible t® is actually the
whole Aut, S. We get
1
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Aut S = AUtKls = AutKlN / AULN.

Since any factor group of a solvalgie®up is solvable (Lemma 27.20i},
suffices to prove thaaut, N is solvable. As in the firggaragraph in this
1

proof, we replace the base field by another and make the extension
Galois. We puK,={a € N :ap =a for all ¢ € AutKlN} C N. ThenK, € K,

andAutKlN :AutKZN. HereN is a Galois, radical extension IQ;(Lemma
59.9, Lemma 59.3())and Theorem 59.8 yields thaut, N = Aut, N is a
1 2

solvable group. O

From Definition 59.2 and Theorem 59.10, we get

59.11 Theorem:.Let K be a field andX) € K[X]. If the equatiorf(x) = O
is solvable by radicaldhen the Galois group ofX) is a solvable groum

We now want to establisthe converse of Theorem 59.9. LEAK be a
Galois extensionlf AutE is solvable, then the composition factors of

Aut E are cyclic of prime ordeand the Galois correspondence gives rise

to achain of intermediate fields in which the two consecutive terms
represent a cycliextension of prime degree. There are two types of
cyclic extensions of prime degree: (éXtensions of the fornK(u)/K
whereu is a root ofxP - x andcharK = Oor (p,charK) = 1 and (2) exten
sions of the fornK(u)/K, whereu is a root ofx? - x - a andp = char K.
(Just as Lemma 59.7 is the conversdloéorem 57.11, Theorem 57.10
admits a converse; sedB, Ex. 3,4.) Hence the extensions of the second
type will creep into the intermediate field structureEdK. Thereare
two ways of coping with this situatiokither we modify the definition

of radical extensions so as to include extensions of the second type as
admissible intermediate steps (see E)}X.) or we impose restrictive
hypotheses on the characteristic to prevent extensibrtbe second
type from coming up.
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59.12 Theorem:Let K be a field and E finite dimensional Galois
extension of KAssume chakK = 0 or O # char K and charK does not
divide|E:K|. If Aut E is a solvable groughen there is a radicaxtension

R of K such that K EC R.

Proof: We make induction ofEK|. If |[EK| = 1, thenE = K andK is a
radical extension of containingK. Thus the theorens proved in case
IEK| = 1.

Let n = |[EK|]. Assumen = 2 and the theorem is proved for all field
extensions of degre€ n.

Since Aut E is a solvable groupAut E =: G has a subgroup of prime
index, sayH << G and|GH| = p, wherep is a prime numberTheorem
27.25). Herep divides|Aut E|l = |[EK|, sop # charK by hypothesis. Let

be a primitivep-th root of unity. The cyclotomic extensid({) is a
radical extension of, so, if we can prove there is a radical extengsion

of K(©)

1 E(©)
E K(©
En K(©
H
p
AutKE K

containing E({), then R will be a radical extension oK containing E
(Lemma 59.3(2)

We show thag(¢) is contained isome radical extension &{C). SinceE
is Galois oveK, Lemmab59.6 yieldsE(C) is Galois overK and Theorem
54.23 yieldsE is K,E(0))-stable. Sahe restriction mapping — g is a
homomorphisng: AutK(C)E(C) — Aut E. If o € Kero < AutK(C)E(C), thenclE
fixes all elements df, sos fixes all elements of and aIsoC,_ soog is the

identity mapping ot(l), soKer ¢ = {zE(C)} andg is one-to-one.

We distinguish twocases, according dsn ¢ is a proper subgroup of
AUt E or equako Aut E. SinceE(C) is Galois oveK, it is Galois oveiK(()

by Theorem 54.25(1) and 80):K(Q)| = AUt E()!.
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If Im o < Aut E, thenlEQ:K(Q)I =1Aut, EQ) =IIm ¢l < |Aut El =n. Now
AutK(C)E(C), beingisomorphic to a subgroup of the solvable gréup E,
itself is asolvable group (Lemma 27.20) ait) is Galois oveiK(C), so,
by induction, there is a radicaktensionR of K(¢) containingE(c). The
proof is complete in this case.

If Im ¢ =Aut E, theng isan isomorphism and has an inverse isomerph
: -1 — el

iIsme~: Aut E — AutK(C)E(C). We putJ = Hp—. ThenJ < AutK(C)E(C) and
IAutK(C)E(C):JI = p. SinceH is solvable, its isomorphic imadeis solvable.
Let F = (AutE(0))” be the intermediate field of th@alois extension
E(0)/K(C) corresponding ta

EQ) — 1 2 1
F — J H
P o o
KE) Al E(D) Aut E

As J < AutK(C)E(C), Theorem 54.25(2) shows thais Galois overK and
Alt F = AutK(C)E(C) / AULE(Q) = AutK(C)E(C) /) = Cp. SoF is a cyclic
extension oK({), soF = K(u) for some root of a suitable polynomial of
the formxP - a in K(Q)[X] (Theorem 57.11). ThuB is a radical extension
of K(¢). Here AutE(C) = J is solvable,E({) is Galoisover F (Theorem
54.25(1) and|EQ):F < |EQQ):FIF:K®)I = IEQQ):K@)I| = n, so, byinduction,
thereis a radical extensioR of F with F € E({) € R. SinceR is a radical
extension of andF is a radical extension &f({), Lemma 59.3(2) yields
thatR is a radical extension &¥{({) with K(¢) € E(0) € R. This completes
the proof. O

59.13 Theorem.Let K be a field andX) € K[X] a polynomial of degree
Nn > 0. Suppose chda = 0or 0 z charK > n. Then the equatiorn() = 0
is solvable by radicals if and only if ti@&alois group of () is a solvable

group

Proof: If the equationf(x) = O is solvable by radicals, then the Galois
group of the polynomidi(x) is solvable by Theorem 59.11.
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Conversely, let be a splitting field of(x) overK and assume that the
Galois groupAut, S of f(x) is solvable. In order to prove that teguation
f(x) = O is solvable byadicals, i.e., in order to prove that there is a
radical extensiorR of K satisfyingK € S € R, it suffices,in view of
Theorem 59.1220 show thatS is Galois oveK andcharK = O or charK
does not dividéSK].

To prove thatS is Galois overlK, we use Theorem 55.7. We neealy

show that the irreducible factors i) are separable ovét. This is

clear in caseharK = 0. If charK z 0 andax® + --- € K[x] is an irreducible
factor of f(x) with a # 0, thend << n << charK andda = 0 € K, so its
derivativedax@™ + --- is not equal to & K[x] andaxd + --- is separable
overkK.

Thus we arelone in caseharK = 0. In casecharK =z O, we havecharK
> n, so the prime numbeharK does not dividen! and, agSK| < nl, it
does not dividésK| either. The proof is complete. O

*

In this part, we prove the celebrated theorem due to Abel which states
that the general polynomial (ovarfield of characteristic 0) of degree

is solvable by radicals if and only if << 4 and some related results.
First of all, we must explain what we meantbg general polynomial of
degreen.

59. 14 Definition: Let K be a field and Ia‘l,az, .. a, be n distinct

.,a

3 n_ll
indeterminates oved. The polynomial

g0 =x"-a X" +ax"P-a x B+ + ((1)Ma  x+ (1) a

in K(a,a,, ....a,_1,8)[X] is called thegeneral polynomial of degree n over

K.

Any monic polynomial inK[x] can be obtained frorf{x) by substituting
appropriate elements & for the indeterminatesThis justifies the
terminology. Note, however, a peculiarity: the general polynomial of
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degreen overK is not a polynomial ovekK, that is, it is not irkK[x], but in
K(a,a,, -...a_.a )X

Alternating signs are attached to the coefficie??tﬁar convenience in
computations. This makes it easier to compghes coefficientsa] with
the elementary symmetric polynomials.

Our main goais to prove thathe Galois group of the genemlynomial
of degreen is the symmetric grougs . After we established some

prepatory lemmas, we proteat each permutation of the roots induces
an automorphism of the splitting field tihe roots are indeterminates
(Theorem 59.17) and that we can indéect the roots of the general
polynomial as indeterminates (Theorem 59.18).

59.15 Lemma:LetD, D, be integral domainand F,F, the field of frae
tions ofD,,D,, respectivelylf ¢: D, — D, is a ring isomorphismthen the

mapping
¢, Fp——F,
a/b — (ap)/(by)

is a field isomorphism

Proof: We are to show that, isa one-to-one ring homomorphism from
F, ontoF,. Letab,.c,d € D, andb,d =z 0. Then

a/b=c/d < ad=Dbc = (ad)yp = (bOe &= apdp = be-ce
= (ap)/(by) = Co)/(de) = (a/b)p, = (c/d)e,,

which shows thaﬁ1 is welldefined and one-to-one. Moreoveruife F,,

thenu = e/f for somegf € D, with f z O’. thene=ap andf = by for some
a,b € D, andb z O,_ sou = e/f = ap/byp = (a/b)cp1 is the image o&/b ¢ F,

undercpl and thUSp1 is ontoF,,

It remains to prove that preserves addition amaultiplication. This is
easy: ifa,b,c,d € D andb,d # O, then

[(a/b) + c/d)]e, = [(ad+bc)/bde, = (ad+bc)e/(bd)e
= (apdyp + bece)/(bede) = (ap/by) + (cp/de)
= (a/b)cp1 + (c/d)cp1
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and
[@/b)(c/d)]¢, = (ac/bd)e, = @)/ (bd)p = (apce)/(bede)
= (ap/bo)(co/do) = (@/b)p, (c/d)e,.

Thuscp1 is a field isomorphism. O

59.16 Lemma:Let K be a field and Ietl,xz, X be n distinct indeter
minates over K .
(1) For each permutation € S, the mapping

o’ K(xl,xz, ...,xn) K(xl,xz, ...,xn)
FO% - X /0%, - X)) = FO %0 o X II(K X X )

is a field automorphism of (K ,x,, ...,x ).

(2) If o, 1€ § ando # 1, thens =z 7.

Proof: (1) Leto € S. The mapping™: K[X;,X,, ....X ] = K[X;,%,, ..., X ]
O X)) = FOX G X )

is the substitution homomorphism that substitutjtcgﬁ)r X G =12,..

n). It has an inverses()™" = (6™ (XX, ... %) = FOX 1% 1 - - X 1)
Thuso™ is a ring isomorphisnfrom the integral domaif[x X, ... ,X]

onto itself. Lemma 59.15 gives that

(07 KX X oo, X)) ——— K(X,X,, -0 %)
O XG0, o X)) = (XX, X))o /g 0% %, L X )e

is a field automorphism of the the fiek{x x, ... x) of fractions of
K[X; . %, ... ]. But (¢7), is nothing else tham. Hences” is a fieldauto

morphism ofK(x ,x,, ...,X).

(2) If 0 # 1, then there is pe {1,2, ...,n} such thato # 1, then>ﬁc’ = X5 7
>ﬁT=)ﬁT’ soc” Z 7. |

59.17 Theorem:lLetK be a field and<1,x2, T & be n distinct indeter

minates over Kand let

flzz %
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be the elementary symmetric polynomials [m K, ... x]. Then the
field of rational functions Kk ,x,, ..., X)) is a Galois extension of
K(f, ., ....f), the subfield of K X, ... x) generatedy f f,,... f overK

110
and Aut . o 6 KOGX X)) = S,

Proof: We putE = K(xl,x2, e ,xn) andL = K(fl,fz, e ,fn). Let x be a new

indeterminate ovef. If

h(x) = X" = £ %0 - X)X+ (X%, X OXTE -+ o+ L) (XX, X ),
thenh(x) € L[x] andh(x) splits inE:
h(x) = (X - X)(X-X%,)...(X=X).

SinceE = L(x.X,,....X) is generated by the rootsx,,...,x of g(x) overL,
we deduce thdlis a splitting fieldof h(x) overL (Example 53.5(d) As
h(xX) has no multiple roots, the irreducible factorshgk) in L[x] are
separable ovdr. Theorem 55.7 tells nowis a Galois extension &f

For each of the! permutations in S, there isa¢” € Aut (E) by Lemma
59.16, and” fixesf f,, ....f asf f, ... f are symmetric polynomials, so
o  fixes L = K(ff,, ... f). This means” € AutE. As ¢’ ,v" € AutE are
distinct wheneves, © € S are distinct, there are at leastautomorph
isms inAut E and|Aut El = n!. On the other handiut El = |EL| sinceE
is Galois ovelL and|EL| < n! by Theorem 53.6 and Theorem 53%b
we have|Aut E = nl. We know from Theorem 56.14hat AUtE is
isomorphic to a subgroup . In view of |Aut E = nl, it must be

isomorphic taS . O

59.18 Theorem:LetK be a field and re N. The Galois groupof the

general polynomial oflegree n over K is isomorphic $
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Proof: Let a8, - a, indeterminates ovdt so that

n 1’
g() =x"-a, X" +ax"P-a xS+ + (1) e x+ (1),
is the general polynomial of degreeverK. We putL, = K(al,az, cen ,an).
Let E, be a splitting field off(x) overL,[X] andr,r,, ..., € E[X] the

roots off(x). Theng =L (r 1, ....r)) =K(@,a, ....a,rf5 -...F)
=K(rpr,, ....r,) by Example 53.5(d). The Galois groupf©f) is Aut E,.
1

Let XXy e X be n indeterminates oved which are distinct from the
a,a,, . ...a,. LetE=K(x, X, ... x) and letf f,... f be the elementary

symmetric polynomials i[x X, ..., X ] and putL = K(f,f,, ... f). We
knowAut E= S from Theorem 59.17.

K(rpr,, -..or) =g K%, ..., X ) =E
K(aya, ...a) =L, 4 K(Ffy . f) =L
K K

We show that there iskaisomorphismp,: L, — L. First observe that we
have the substitution homomorphi$nK[a1,a2 sa ] — K[, L, ... f] that
mapsa, to f. andh(a a, ...,a) toh(f, f, ... f). Clearlyo fixes all ele
ments ofK. Furthermore;p is one-to-one, for ihl,h2 € Klaja, ....al
thenh, = h, impliesh¢ = h (f, £, ... f) = h({.f, ... f) =he by the
uniqueness assertion in the fundamental theareansymmetric poly
nomials (Theorem 38.4). Thyss a ring isomorphism froma, ,a,, ....,a]
ontolm ¢. Using Lemmab9.15, we exteng to a field isomorphismp1
from L =K(a,a,...,a) onto the the fielof fractions oflm ¢ < L. SinceL
= K(f, £, ... f) and {f.f,, ... f} S Im ¢, it follows that the field of
fractions oflm ¢ is equal toL and thus;p1 is ontoL. Also P fixes every
element oK. Hencep,: L, — L is aK-isomorphism.

The homomorphisnﬁl: L,[X] — L[X] of Lemma 33.7 maps

N o n-1 n-2 n-3 n- n
g() =x"-a, X" +ax"P-a xS+ + (1) e x+ (1) a_
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to h(x) =x" - F X"+ X2 - fxXM S+ (C)MH X+ ()N

Herek iIs a splitting field ofy(x) overlL, andE = L(xl,xz,. .. ,xn) iIs a split
ting field of h(x) overL (Example 53.5(d) so the isomorphism: L, — L
canbe extended to an isomorphispnE, — E (Theorem 53.7). Lemma
56.11(1) and Theorem 59.17 give noaOvutLlEl = AutE = S. This

completes the proof.
O

59.19 Theorem (Abel):Let K bea field n € N and dx) the general
polynomial ofdegree n over Kif the equation (k) = O is solvable by
radicals then n<< 4. Converselyif charK = 0 andn < 4,thenthe equa

tion g(X) = Ois solvable by radicals

Proof: The Galois group ofg(x) is S, (Theorem 59.18). If the equation
g(x) = O is solvable by radicals, the}} is a solvable group (Theorem
59.11), san << 4 by Theorem 27.26Conversely, ifn << 4 and charK =

O, thenS is a solvable group (Examplky.10(a),(b), Theorem 27.25) and
the equatioy(x) = O is solvable by radicals (Theorem 59.13).

O

Theorem 59.19 is atatement about general polynomials. It does not
state that specific polynomial equations of degeee5 cannot be
solvable by radicals.

In this partwe examine solvability by radicals of polynomial equations

of prime degree. It is necessary understand the solvable transitive
subgroups ofSp. These have a simple structure. Aftere gave a

characterization of solvable transitive subgroupsspofwe prove the

curious resulof Galois: "In order for an irreducible equation of prime
degree to be solvable by radicals, ihecessary and sufficient that once
any two of the roos are known the others can be deducedtfrem
rationally." (Edwards' translation.)
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Let p be a prime number. It wibe convenient to regan@% as acting on
thep elements 1,2,.,p of [Fp. For anya ¢ [pr andb ¢ [Fp, We write
%, b F — [Fp.
u—au+b
Clearlys,  # o_4,wWhenevergb) # (c,d). For any g§b),(c,d) € [pr X [Fp, we
have

= (@u+b)o_, =c(au+b)+d=cau+cb+d
=(@cu+ (bc+ d) =u

uoa,bgc,d

cac; be+d’

SO 9,19. 4= Yachord: SoAP) ={o,,:a € [pr, b e [Fp} is closed under the
composition of mappings. Observe that, € A(p) is the identity
mapping and hence(lla)’(_b/a) € A(p) is the inverse ofca’b. As the

composition of mappings is associativ(p) is a group. In particular,
eacho_ is one-to-one and onto, and can be considaeseal permutation

in Sp. Thus we shall regad(p) as a subgroup (Sfp. Then

_Dl 2 P ]
“ab~ at+tb a2+b . . . ap+bl

where the integers ought to bgerpreted modulg. The permutation
99 1 = (12..p) of orderp will be denoted as.

59.20 Definition: Let p be a prime number and ¢ Sp. If there are
elements ¢ [pr andb ¢ [Fp such that

_Dl 2 pD
=~ G+b a2+b . . . ap+bb

theno is called dinear permutation ier. In this case, we shallenote
the permutation aso, ThenA(p) = {Ga,b ra € [pr, b ¢ [Fp} is a subgroup
of SIo and is calledhe one dimensional affine group ov[épr. If = (12 ..

p) and<m> << G << A(p), thenG is called dinear subgroup oSp.

59.21 Lemma:Let p be a prime numher= (12..p) € Sp and let H be
a subgroup osp.
(1) If H is a linear subgroup cffp, then the only elementsafer p in H

are %3, ... 7L
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(2) If 77273, ... 771 are the only elements of order p intHen<t> is a

characteristic and normal subgroup of H

(3) If <> is a normal subgroup of \Hhen H is a linear subgroup Slg
(4) If H is a linear subgroup oSp and H K < Sp, then K is a linear

subgroup on.

Proof: (1) AssumeH is a linear subgroup (S% and letoc € H. Theno =
o, p, for suitablea,b € [Fp, az0.

If a= 1, thenus =u + b = uxP for anyu € {1,2,...,p - 1}, soc = z° and
0(0) = o(P) ando(7®) = 1 in casd = 0 ando(x®) =pincaseb = 1,2,....p

- 1. Thus the onlglementss, , in H satisfyingo(o, ) = p arenxr>, ...
P

1b

To complete the proof, we show tlaat 1 implieso(s, ) # p. If a= 1 and

o=0_,, then us® =a(au+b)+b=a%u+ @@+ 1)b,
> =@%u+@+1b)+b=a3u+@+a+1b
and similarly us" =a"u+ @™t +a"?+-.- +a?+a+ 1)b

foranyn € N. Asa-1¢ [pr, we can write

n

a-1

us" =a"u+ b

from which we read that" = ;if and only ifa"” = 1, so o(s) = o(a), the
order ofa in the multiplicative grouﬁp*. But [pr has ordep - 1 and, by
Lagrange's theorem, there isaam [pr with o(a) = p. Thus 9, cannot be

of orderp if a z 1.

(2) By hypothesissm> << H. Letg € Aut(H). Then 1z we is an element of
orderp in H. Thenwp = 7® for somea € {1,2,...,p - 1}, so<m>p = <mp> =
<r®> = <> and<r> is characteristic and therefore also normad.in

(3) By hypothesisgr> <1 H. Wemust proveH << A(p). Leto € H. Then 1

#z oo =1° € <>° = <> andn® = 7® for somea € {1,2,...,p - 1}. Sono =
or® and

(t + 1) =tro =tor? =to +a, for anyt € {1,2,...,p- 1,p}.
Then t+2px=(t+1)p +ta=tc + 2q,

t+3p=(t+2)0 +ta=tc + A,
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and similarly ¢ + u)c =toc +uafor alltuu ¢ {1,2, ...,p - 1,p}. Puttingt =0

andtc = b, we getus =tg +tua=au+b foranyu=1,2,...,p- 1p. There
forec = Oap € A(p). This provedd << A(p).

(4) Assume nowH is a linear subgroup cS‘p andH 1K < Sp, We must
proveK < A(p). Now <r> is a characteristic subgroup lefoy part (2),
and <z> is a normal subgroup & by Lemma 23.15,so0 K is a linear
subgroup oSp by part (3). O

59.22 Lemma: Let p be a prime number and a transitive subgroup
of Sp. If 1 2H <K, then H is also transitive

Proof: Leti,j € {1,2,...,p}. We claim that the number of elements in the
H-orbit of i is equal to the number aflements in theH-orbit of j.
Indeed, sinck is transitive, there isa< K withit =] and

|H-orbit of il =[H:Stal, (i)l =[H:Stab (i) N Hl =[H"(Stak, (i) N H)
= IHT:(StaIcg((i))T N HY = |H:(L’:‘.tal?<(i))T N Hl =[H:Stak (it) N H
= |H:Stal:|>((j) M H :|H:Staq|0)| = |H-orbit ofj|

in view ofLemma 25.10 and Lemma 25.8. Thus all orbit$l dfave the
same number of elements, gsay If k is the number oH-orbits, then
the {1,2, ... ,p} is partitioned into k subsets each of which ham
elements. Thup=mkandk=p ork = 1. Ifk =p were true, i.e., if there
were p H-orbits, theH-orbits would consist of single terms amce
would getuc = u for anyu € {1,2,...,p}, o € H. Thiswould giveH = 1,
contrary to the hypothesis. Hernce 1 andH is transitive.
O

59.23 Lemma: Let p be a prime number and & Sp. Then G is

transitive if and only if p divides the order of G

Proof: If p||G, there is an elementof G with o(c) = p. Thenos is a cycle
of lengthp, say &,a,...a ). Then any, is mapped to ang by il eG

and sdG is transitive. Conversel¥f, G is transitive, there is, for eaah=
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1,2, ....,p, a permutations, with 1o, = a and we have the coset

decomposi-tion

p
G = [Stak(D)]s,,

whenced =|Stak(1)Ip is divisible byp. O

We can now find all solvable transitive subgroupspoBasically, weause

Lemma 59.25nd Lemma 59.22 to go downwards and upwards along a
composition series of such subgroups.

59.24 Theorem:Let p be a prime number and@Sp. Then G is aolw
able transitive subgroup cﬁp if and only if G is conjugate ta linear
subgroup on.

Proof: Let G be a solvable transitive subgroup o$p. Consider a

composition series @, say

1=H,<9H, <H,<...<<H_, <IH =G.

The composition factorsl,/H,_, are cyclic of prime order by Theorem
27.18. Sinced_is transitiveH_ , isalso transitive by Lemma 59.22, and
thenH_, is transitive, thell , transitive and so on. In this way, wee
thatH, is transitive. Themp divides|H,| by Lemma 59.23 and we giét)|

= p. SoH, is a cyclic group generated by a cydea( ..ap). ReplacingG

by a conjugate o6, we may assumi, = <r> =<(12..p)>. Now Lemma
59.21(4) shows th&d, is a linearsubgroup ofSp, SoH; is also a linear
subgroup oiSp, soH, is also a linear subgroup 6& and so on. In this
way, we concludél =G is a linear subgroup (S[g.

Conversely, leG be a linear subgroup cSFf). Thenrw is a subgroup o6

and sop divides|G and Lemma 59.23 shov&is a transitivesubgroup
of Sp. Now we have to prové& is solvable. AsG << A(p), it will be

sufficient to prove tha®A(p) is solvable. In viewof the multiplication

ruleo o the mapping

a, boc,d - ac,bc+d’

¢: A(P) — [
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o) —a

a,b

is a homomorphism onfEl)ox, with Ker¢ ={o, € A(p):b € [Fp} = <r>. Thus
<> d A(p) andA(p)/<t> =A(p)/Kere 2 Im o = [pr is abelian. Then

1<d <> < Ap)

is an abelian series &{p) and hencé&\(p) is solvable. O

We give anothegroup theoretical characterizationsaflvable transitive
subgroups on. This will be translated into Galoisharacterization of
polynomial equations of prime degree which are solvable by radicals.

59.25 Theorem:Let p be a prime number ai@l a transitive subgroup
of Sp. Then G is solvable if and only:ifs the only permutation in G that
fixes two numbers frofd,2, ... ,p}, i.e, if and only if

Stak(i) N Stak() =1

for any two distinct,j from {1,2, ...,p}.

Proof: Suppose firsthat G is a solvable transitive subgroup ng Then
G is conjugate t@ subgroup ofA(p), sayG = H*, where<r> << H << A(p)

andrt € Sp (Theorem 59.24). Ifj are distinct numbers from {1,2,. ,p}

ando € G fixes bothi andj, thens™ € G™ = H)" =H < A(p) fixes both
itt andjrl But, asiddrom the identity, there is no permutationAfp)

that fixes two distinct numbers from {1,2,,p}. Thus o =zando = 2. So
the identity permutation is the only permutation @that fixes two
numbers in {1,2,..,p}.

Now suppose conversethat G is a transitive subgroup cﬁé with the

property that the identity is the only permutationGirthat fixes two
numbers in {1,2,..,p}. Leti,] be two distinct numbers in {1,2,.,p} and
write

H =Staly () n Stak () ={r € S, :it=i andjr =]}

The hypothesis givesn G= 1.If ¢,,0, € G ando,,0, belong to the same

2
right coset ofH in Sp, thenolcz'1 belongs toH N G = 1, soo; = o,. Thus

thereis at most one element Gfin each right coset df in Sp. SolG is
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less than or equal to the numltﬁgﬂ—ll of right cosets ofl in Sp and, asH
is isomorphic tcSp_Z, we haveG < ISp:HI = |Sp|/|H| =p/(p-2)! =p(p - 1).
Lemma 59.23 yieldp divides|G, so there is an element= @a,. .. ap)

@1a2- . ap|:| _ o
15 . pHESythen A2.p=rx=1"1s

an element of ordep in G'. Aside from the powers ofr, there is no
permutation of order &', for if ¢ € G' had ordep and <> N <> = 1,
then|<> N <o = [<oll<o> = p? (Lemma 19.6) and so theveould be at
leastp? distinct elements i6°, whereas$G' = |G is at mostp? - p. So<r>

is a normal subgroup o' by Lemma 59.21(2) an&' is a linear
subgroup ofSp by Lemma 59.21(3). Henc@ is conjugate to dinear

subgroup oSp andG is solvable by Theorem 59.24. O

of orderp in G. If we writet =

For the sake of completeness, we prove Galois' thestating that a
polynomial equation of prime degree is solvable by radicals ifoahd
if "all roots can be expressed rationally in terms of any two of them."

59.26 Theorem:Let K be a field of characteristi@ and let {xX) be an
irreducible polynomial of prime degree p ixdK The equatiori(x) = O is
solvable by radicals if and only, flor any two distinct roots,h of f(x),
K(a,b) is a splitting field of() over K

Proof: LetE be asplitting field of f(X) overK andG the Galois group of
f(X). ThenE is a Galois extension ok (Theorem 55.7)and G is a
transitive subgroup o$p (Theorem 56.17). Letd,b be two distinctroots
of f(X) and let) =K(a.b)” be the subgroup & corresponding to it.

E 1
K(a.b) J
K G

J is the subgroup o& consisting preciselypf the permutations of the
roots fixinga andb. Now we have the is equivalences

E=K@ab) <= J=1
< 1 is the only permutation @fixing a andb
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& Gis a solvable subgroup SJ

& the equatiorf(x) = O is solvable by radicals.

This completes the proof. O

In this part, we give algebraic formulas the roots of polynomials of
degree twothree and four. For the sake of generality, we assume the
coefficients are indeterminates, but, as will be diean the arguments,

the formulas are valid if the coefficients are taken from the base field.

59.27 Theorem: Let K be a field with chaK z 2 and let &b be
indeterminates over K so that

g(x) =x?-ax+b

is the general polynomial afegree two over KThen the roots r, of

anD _aD
2 2

I’2—

g(x) are given by

r,=

where D=a? - 4b.

Proof: The discriminanb of g(x) is (r, - r,)* = (r, +r,)° - 4r,r, = a” - 4b.

Hencer, +r,=a andr, -r, = \/B . Solving this system of lineaquations

for r,ry, we find
an/D aD
2 2= 2

M1

In particular, the cubic roots of unitwhich are the roots of the peoly
nomialx®+x + 1, are given by, = (-1 +V-3)/2, a, = (-1 - V-3)/2. This
will be used in the next theorem.
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59.28 Theorem:Let K be a field with chaf z 2,3 and assume that K
containsa primitive cube root of unitysay «. Let ab,c be distinct
indeterminates over K and let

g(x) =x° - axl +bx-c

be the general cubic polynomial overKien the roots, rr, of gX) are

given by

1 1 1
rlzg(a+u+V) r2:§(a+o<2u+o<v) r2:§(a+O<U+O<2V)’

3
27
where u:\/a3 - 2 ab + " ¢ +2 \-3D

3
v:\/a3 2 ap+ 2 ¢ - z \V-3D

2 2
are such that uv a?- 3b and D= 247 (@% - 3b)3 - 217 (232 - 9ab + 27c)2

Proof: LetE =K(r,r,r;) be a splitting field o§(x) overL= K(a,b,c). Then
E is a Galois extension df and the Galois grouput E of g(X) is S
(Theorem 59.17). Sincg, is transitive,g(X) is irreducible overL, and
charK # 3 implies that the derivative gfx) is not zero,sog(x) has no
common root with its derivative ande rootsr, rr; are distinct. Under
the Galois correspondence, the alternating grd\p corresponds the
subfieldL(6) of E, whered = (r, - r,)(r; - r))(r, - r3) is the square root of
the discrimhant ofg(x) (Theorem 56.18, Theorem 56.19).

Let D be the discriminant a@f(x). We evaluat®. Observe that, - (a/3),
r, - (@/3),r; - (a/3) are the roots af(x + (@/3)), sothe root differences

and the discriminant af(x) arethe same as those gfx + (@/3)). One
obtains easilg(x + (a/3)) = x° + px+ g, wherep = (3b - a%)/3 and
q=(-2a3+ 9ab- 27c)/27. TherD =-4p° - 2797 is computed to be

1

4 2 43 1
- (a2 - 3b)

3 2
55 (22° 9ab+ 27%)

(Example 56.10(0)
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L( ) =L(/D) A,

L S,

Now E is a cyclic extension of_(\/B), becauseE is Galois overL(\/E))
(Theorem 54.25())and its Galois group,, is cyclic oforder 3. Thus is

obtained by adjoining a roatof a polynomiak® h L(\/[_))[x] to L(\/[_))
(Theorem 57.11). A generatoof A, maps as follows

An examinatiorof the proof of Theorem 57.11 reveals thaghould be
taken as a nonzero element of the forch+ ( )d + ( ) 2d ?
with d E. So we must find @ E suchthad+ d + 2d? 0. We

_ _ 2 P _ 2
choosdad = r,;- So letu = g+ ry+ < Similarly we putv = ro+ T+ oy

We already knowu® L(\/B). We now evaluate it. We have

w= + o+ r)=rP+r2+r 3 +3 A+3 2B r6rrr

2 2 123

(1)

— 2 - 2 2 2
where we putA = r1 r, + r2 ry +r;°r, andB =rr,° +rr;= + ryr < for

shortness. The method of 838 gives

r3+r3+r3—(r +r, +r)3 3(A+B) 6r.r

1 123’

_ 2 2
and A+B = r1 r2+r2 r3+r3 rp+rr,=+rrg +r3r1

—(r +r +r3)(rr +rrg +rr) 3r123—ab 3c,

—r 2 2 2 2
A B =rT,+r, %r +r3 rp rif,” rorg” rgry

=@y R R, r3):\/5,

so (1) becomes

iy ab 320+\/5) 4 (ab ?;: \/5)] 61

=[ry+ry+ r3)3 3[( 1F2r3l

1/ 3. ab 3c+\/D 1V 3 ab 3¢ \D
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o 27 3
= 3 = +—C+ =
a 2ab > c 2\/ 3D

and a similar calculation yields

9 27 3
_ .3 \/
Vv =a 2ab+20 > 3D.

Sou andv are cube roots of the expressions found above. But there are
three cube roots dhese expressions, and we must decide which cube
roots we should take. This is found from

uv=(r,+ r,+ 2r3)(r1 + 2r2 + ry) = a12 + a22 + a32 aa, aa; aa,
_ .2
—a 3b.

The cuberoots must be therefore so chosen that their product will be
equal toa® 3b. If

3
9 27 3
_ 3 AN
u-\/a 5, ab+ " ¢+ V3D

3
v:\/a3 9 ab+227c 2\/ 3D

2

are denote cube roots with this property, then, solving the equations

a=r;+ r,+ rg
— 2
u=r,+ r,+ “rg
— 2
v=r + “r,+ 1,
forr_,r,r,, we get

123
1 1 1
n=3@+u+v) r,=5@+ U+ V) rp=z(@+ u+ V),
as was to be proved.
A remarkable fact is that, f(X) [X] has three real roots, then the

roots of f(x) cannot be expessed in terms of real radicals. We wwant
dicsuss this matter. We need an elementary lemma.
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59.29 Lemma:Let K be a fielda K and p a prime numbeAssume
charK p.If xP a K[X] is reducible in K], then a=cPfor some ¢ K.

Proof: In a splitting field ofx° a overK, we have the decomposition

xP a= TJ[ x ku)
k=0

whereu is a root ofxP a and is a primitivep-th root of unity. IfxP a
is reducible irK[x] andf(x) K[X] is a factor ofx? a with 1 deg x)
p, thenf(x) is a product ofome of thex Ku, and the constant term
( D)o, of f(x) is (1)" ™u" for somem , whereh = deg {x). Sob, =
u for somep-th root of unity, sob,? = uP" = a" and, sincelp) = 1,
there are integeisn satisfyingkh+np= 1. Thusa =ak"a"P = (b P)*a"P =
(b,“aMP andba" K.

59.30 Lemma:Let K bea subfield of and {x) an irreducible cubic
polynomial in KxX]. Let S be a splittindield of {x) over K If f(X) has
three distinct real rootsthenthere is no radical extension R of K such
thatS R

Proof: Letr r,r, be the roots andl= (r; r,)%(r; ryp)%r, ry? the dis
criminant off(x). ThenD is a positive real number. PKit= K(\/IZ_))
ClearlyK, is a subfield o6. We may assume thf{k) is monic.

Suppose, by way of contradictiothere is a radical extensi@&wof K with
S R . ThenRK| is a radical extension &f (Lemma 59.4). Sthere is
a finite chain of fields

K, K, ... K., K =RK

such tha =K. ,(u) for some root. of a polynomiabf the formx™ a;
in K ,[X] (i =2,3,..,n). We may assume) are prime numbers/oreover,
after deleting redundant fields, we may assume K ,. Thus we
assumanm are primeu™ K, andu K .. Thenx™ u™ K [X] is
irreducible inK,  [X], for otherwise we ha(mim = c™ for somec Ki 1
(Lemma 59.29) and/c, which isdistinct from 1 in view ofu K, 1

would bea primitive m-th root of unity, sou/c K 1 would be

complex number with nonzero imaginary part, a contradiclibaerefore
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xM uM K [X] is irreducible oveK. , and is in fact the minimal poly
nomial ofu, K overK. ;. This givesK:K. , =m.

f(x) is irreducible irK [X], for f(X) is the minimal polynomiadf any of its
roots overK and if r,, say,were in Ky then 2 = KK = KlzK(rl) K(rl):K

would be divisible byK(r,):K =deg {x) = 3,which is nonsense. No® is
a splitting field off(x) over K, (Example 53.5(9)and sincealD K., the

1!
Galois groupAut, S is isomorphic toA,. (Theorem 56.21).
1

On the other hand, the roots f{ik) are IinS R RK, and f(X) is
reducible oveRK, =K. LetK. be the field in the chain above whé(g)
becomes reduciblehat is to saylet i {2, ...,n} be such thatf(x) is
irreducible ovek, ; andreducible oveK =K.  (u). Then there is a root
of f(X) in K., sayr, K. and, as abové(x) is the minimal polynomiadf r,
over K. ,, so the prime numben = KKK, = KK (r)) K, (r)K ; is
divisible by K ,(r)):)K;, = deg {X) = 3 and som = 3. ThusK: is an
extension oK, ; containing the roat, of f(X).

Let N be a splitting field of(x) overK ,. ThenN/K. | is a Galois exten
sion (Theorem 55.7) and sinn[é K. ;. the Galois grouAut, N is iso
i-1

morphic toA, (Theorem 56.21). SOK ;, = AutKi_lN = 3. Fromr, K,
andr, N K,wege, N K N and degree considerations force
N K =N,soN K andasNK , =3=KK 5, wededuc&l =K.

Theorem 55.10 yields now thigtis normal oveK. ; and since the irre
ducible polynomiak™ a, in K ,[X] has a root in K, the other rootsi,

andui 2 of x™ a, are inKi, so =u /U1 Ki. This contradicts‘ii

Thus there can be no radical extendtaf K such that R

59.31 Theorem:Let K be a field with chaf 2,3and assume that K
contains a primitive cuberoot of unity Let ab,cd be distinct
indeterminates over K and let

gx) =x* ax® bx+cx d

be the general cubic polynomial over Khen the roots, r,r,r, of ()

are given by
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where u=a? 4 4, v=a? 4. y=a2 4 4,

, , are the roots of Xk bx® + (ac 4d)x (a°d 4bd + c¢® and the
square roots are subject to the condition

VuWwiy= a3+ 4ab s

Proof: Let S 9 P be the roots of(x) and let =rr,+ sl
=rrg+r,r, =rr,+ryr,. Then , , are the roots of the resolvent
cubic

x> bxX+(@c 4d)x (a%d 4bd+c?)

and the Galois group a@f(x), regarded as a polynomial K( , ,) is V,
(Theorem 56.23, Theorem 59.17, Lemma 56.28¢ can solve for, ,
in terms of radicals by the method of Theorem 59.28VAs-4, we can

find the rootsr, r,ryr, by introducing two square roots. For this

purpose, we put
2

u=(,+r, ry r,

v=(, r,+trg r,)

— 2
y=(@, r, rz+ry)~

2

An easy computation gives
u=a® 4 4;v=a’ 4 4;y=a’> 4 4

and €, +r, rg r)(r, ry+rg r)r; r, r;+r,) is a symmetric poly

nomial in the roots, r,r,r,, found easily to be a3+ 4ab 8c. Hence we

have

a =r +r,+ry+r,
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provided we choose the square roots in such a WaM\/)_/
= a®+4ab 8c. Solving this system of linear equations, we find

YRR RS VS v NS Y R N Vo)
@ Vu W+

N

o=@ VurWw V), 1=

In this part, we settle some famous problems.

A real number will be called constructibleif it is possible to draw a
line segment of lengtha using ruler and compass only in feite
number of stepslhus "constructible” means "constructible by ruler and
compass". Similarly, "todraw" will mean "to draw using ruler and
compass only". Each step anruler and compass construction is one of
the following types:

(i) finding the intersection point of two straight lines;

(i) finding the intersection points of two circles;

(iii) finding the intersection points of a straight line and a circle.

From elementary geometry, it is known that, for any givenllinad a
given P, we can draw a line through parallelto | and also a line
throughP perpendicular th

We drawtwo perpendicular lines and regard them as coordinate axes.
Then we fix a unit length. Then wean draw line segments on the
coordinate axes with integral length. Sinee can draw lines parallel
and/or perpendicular to the axes, we can locatepalhts in the
Euclidean plane with integer coordinates as intersectidmes paralel

to the axes.
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After the introduction of a coordinate system on the planesegethat a
real number O is constructible if and only if the line segment

[0,a] {O}or {0} [O,a] is constructible. (Closed intervals. Herea]Os to
be read asa[0] whena 0.)

Assumea andb are constructible. Themm+ b anda b are constructible,
too. In addition, we can draw the litterough &,0) parallel to the line
segmentjoining (0p) and (1,0), which intersects theaxis at (Oab).
Also, if b 0, we can draw the line throudf,1) parallel to the line
segment joining () and &,0), which intersectshe y-axis at (0g/b).
Thusa + b, a b, ab anda/b are constructible whenevarandb are
constructible I§ O in case of division). Thus the constructible real
numbers form a subfield of . In particular, allrational numbers are
constructible, for is the prime subfield of the field of constructilbbéal
numbers.

A point (@,b) is said to beonstructibleif both a and b are constructible.
This is the case if and only ifap) can be determined by a finite
sequence ofuler and compass constructions starting from points with
integer coordinatesHence all points with rational coordinates are
constructible.

In order to determine which numbers are constructible, i.erdar to
determine the coordinates of constructible points, we mmxMamine
what type of points arise after each of the ruler and compass
construction steps (i)i)X(@ii). It will be convenient to introduce some
terminology.

If K is a subfield of real numbers, a poimbj in the plane is callea K-
point if both a and b are elements oK. A straight line through two
distinct K-points is called &-line. A circle whose center is afrpoint
and whose radius is an elemenkKa$ called &-circle.

A K-line | has an equation of the forax + by + ¢ = 0, whereabc K,
for if | isthe straight line through thepoints &,y and & .y,). thenl
has the equatiory{ Yy )x+ (¢, X)Y+ XY, Y,%) =0. AK-circle Chas
an equation ofhe formx? + y> + ax+ by + ¢ = 0, whereabc K, for if
the center o€ is theK-point (x,y,) and the radius of is theK-number
r, thenC has the equatioxf +y* + ( 2x)x + ( 2y )y + > +V,> 1) =0.
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Now letK be asubfield of . We determine the nature of intersection
pointsof two K-two straight lines and/df-circles that arise as a result
of one of the steps (i)i)(ii).

If | andm areK-lines, say with equatioresx+ by+c¢ = 0 anddx+ ey+f =
O, wherea,b,cdef K, thenl andm intersect if and only ihke bd O
and their point of intersection can be found, on solvingsystem of
linear equations

ax+by= c

dx+ey= f
for x,y by Cramer's rule, to be thepoint (( ce + bf)/(ae bd), ( af +
cd)/(ae bd)) (Theorem 45.2). Thus twi¢-lines intersect (if at all) aa
K-point.

Let C be aK-circle and aK-line, with equations® + y?® + ax+ by +c = 0
anddx + ey + f = 0,say, wherea,bc,def K. We find the intersection
points &y) of of C andl. Hered,e cannot both be 0O, for then tBquation
dx+ey+f = 0 would not represent a straight line. In cahse®, we have
e O andy= f/e, sox?+ ( f/e)? +ax+b( f/e) +c = 0, givingAX® + Bx + E
= 0, with AB,E K. Hence thex-coordinate of an intersection point ©f
andl is a root of a quadratic polynomial ower_etD be thediscriminant
of this polynomial. Eitheb 0O and this polynomial has meal roots, so
C andl do not intersect; ob O and it hagwo (possibly equal) roots
X, %, in the fieIdK(\/B), so C andl intersect at thK(\/[_))—points &, f/e),
(%, f/e). Incased O, we pug = e/d, h= f/d and use the equatiorr
gy+hofl. Heregh K. Now @y+h)? +y? +a(gy + h) + by + c = 0 gives
Ay’ +By+E =0, withABE K (not thesameAB,E as above). Hence the
y-coordinate of an intersection point ©fandl| is a root of a quadratic
polynomial ovelK. LetD be the discriminaraf this polynomial. EitheD

O and this polynomial has no real rosisC andl do not intersect; or
D O andit has two (possibly equal) real rootgy, in the field K(\/B),
soC andl intersect at two (possibly identica<l][\/[_))—points oy, +h vy),
@y, +h, y,).

LetC .C, beK-circles, say with equations +y” +ax+by+c = 0 and

x* +y?® +dx+ey+f =0 whereabcdef K Then the intersection
points ofC, andC, are the same as the intersection point§ afnd the
K-line @ d)x+ (b e€)y+c=0. Thus eithe€ C, donot intersect or they

intersect at two (possibly identiczmo\/[_))-points, wheréd K.
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Soeach step in a ruler and compass construction gives ris&-fmomt
or aK(\/B)—point for someD K, if K denotes the field of lines/circles
used in that step.

A real number a is constructible if and only if the pointa,Q) is
constructible, hencé and only if the point ,0) can be obtained as a
result ofa finite sequence of the steps (i)((i) beginning with points
having rational coordinates. Thaiss constructible if andnly if there is

a finite chain of fields

:KO K1 K2 Knl Kn

such thak; = K 1(\/5i) for someD, K anda K. HereKiK , =1 or2
according aS\/Ei is or is not inK. ;; hence K iIs a power of two.
Moreovera K so (@ K,and (a): , being a divisor ofK:

is also a power of two. Thuasis algebraic over and the degree afisa

power of two. We proved the following theorem.

59.32 Theorem:If a real numbea is constructible, then is algebraic
over and the degree afover is a power of two.

The converse of Theorem 59.32 is dls®. See Ex. 10. We are now in a
position to resolve some famous construction problems fiidteone is
the construction ch cube whose volume is twice the volume of a given
cube (duplication of a cube). Choosing teegth of a side of the given

3
cube as unit length, the side of the cube to be constrhatedangth\/z.

3
Thus the problem is to construct the real numReér Its minimal
polynomial isx® 2, since this polynomiais irreducible over by

3
Eisenstein's criterion. Thu& is algebraic over , but its degree over

3
is three, not a power aiwo. Hence\/z cannot be constructedt is
impossible to duplicate a cube by ruler and compass alone

The second problem is to divide given angle into three equal parts
(trisection of an angleAn angle of radians is the circular arc of lenth
onthe unit circle, which we may assume to issue from the point (1,0)

793



and terminatat the point (cos, sin ). It is constructible if and only if

(cos , sin ) is constructible. In view of sin = \/1 (cos )?, we see
that an angleof radians is constructible if and only if cosis
constructible The problem is thus equivalent to: given cpsonstruct
cos( /3). From the trigonometric identity

cos3 =4coS 3cos,
we get, on writin@g for cos , the polynomial equation
4x3 3x a=0

for cos( /3). The polynomial &£ 3x a (a)[x], wherea is an inde
terminate over , is known as theangle trisection polynomiallt is
irreducible over (a): to prove this, it will be sufficient to prove thiat
is irreducible over [a] (Lemma 34.11); but X 3x a [a][X] =
[X][a] is certainly irreducible in [X][a], because it of degreene in a
and its coefficients (¢ 3x), 1 [X] are relativelyprime in [X]. So
the angle trisection polynomial isreducible over (a). The general
trisection problem is whether it is possible to construct a root of

4x3 3x a=0, a = cos

in such a way that the construction remains vaicbn a is treated as

an indeterminate. Since a root of the angle trisection polynonasal
degree three over(a), the answer is negativie:is impossible to trisect

an arbitrary angle by ruler and compass alon&his does not mean of
course that nepecificangle can be trisected. On the contrary, there are
angles like 90° that can very well be trisected.

The third problem is to drawssquare whose area is the area of a given
circle (squaring the circle). Choosing the radius of the gowete as unit
length, the side of the square to be constructed has Id_n.gTrInusthe
problem is to construct the real numierBut and all the more sd¥

are not algebraiover (Example 49.8(9d) let alone be of degree a
power of two. Hencd cannotbe constructedit is impossible to square
the circle by ruler and compass alone

The final problem is to draw a regulaigon. This is the samaroblem
as dividing the circle into equalparts. Thus we are to divide the angle
of 2 radiansinto n equal parts, which means we are to construct the

794



_; , where =¢& /N is
a primitive n-th root of unity. The field (cos(2 /n)) is fixed only by
the automorphisms and 1 in the Galois group of the
cyclotomic extension ( )/ , which is Galois and of degre¢n) over
(Theorem 58.12)So (cos(2 /n)) is an intermediate field of ( )/
satisfying () (cos(2 /n)) = {, % = 2. Thus (cos(2 /n)): =
(n)/2. Hence, if cos(2 /n) is constructible, then (n)/2 and
consequently alsa(n) is a power of two. Let = 2°p, %p,%...p % be the
canonical decomposition afinto primenumbers, but possibly witl), =

0. Then

number cog2 /n). Now coq2 /n) =

(M =2elpaip =l paip 1), 1).(p, 1)

(the term 2 1is to be deleted in cagg= 1) and (n) is a power of two
if and only ifa, =a,=--- =a =1 andp, = X1 forsomek . Herek

cannotbe divisible by an odd numbédr for otherwise 2+ 1 would
divide the prime number<+ 1. Hencek is a powef two, sayk = 2M,

ThuspI = 22m + 1. Prime numbers of the forn?m2+ 1 arecalled Fermat

primes. It is easily verified that2+ 1 is prime whemm = 0,1,2,3,4, but
225 + 1 is not prime (it is divisible by 641}t is not known whether
there are infinitely or finitely many Fermat primesfaat, numbers )
+ 1 are known to be prime only in the camses 0,1,2,3,4. W®@Dbtain:if a
regular n-gon is constructiblghenn has the form = 2a0p1p2. . Py
wherep, are distinct Fermat primes

Exercises

1. Let K be a field and define an extensi@of K to be a radical
extension oK if E is separable oveétrand there are elemenisu,, ... .U

in E such that =K(u,,u,, ...,u) and one of the following is true:
(i) u is a root of a polynomial of the forrh a, overK(u, ....u ,),
where eithecharK = 0 orcharK =p O andp is relatively prime tdn;
(i) u. is a root of polynomial of the ford®  x a, over

K(u .U ), wherep =charK 0.

K
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Prove that Theorem 59.8, Theorem 59.9, Theorem 59.10Thedrem
59.11 remain valid with this new definition of radical extensions.

2. Let K be a field and define an extensi@of K to be a radical
extension oK if there are elemenui,uz, U in E such that

E= K(ul,uz, ...,un) and one of the following is true:
(i) u is a root of a polynomial of the forrt a, overK(u,, ...,u ),
(i) u, is a root of polynomial of the formP x a, over

K(u .U 1), wherep =charK 0.

e
Prove that Theorem 59.8 remains valid with this new definibbn
radical extensions ifve assumekE is normal overK. Discuss Theorem
59.9, Theorem 59.10 and Theorem 59.11.

3. LetK be a fieldf(x) K[X] an irreduciblepolynomial of degreea 5,
E a splittingfield of f(x) over K andr a root off(x) in E. Assume that
AUt E S.. Prove the following assertions.

(i) K(r) is not a Galois extension kf

(i) K(r):K =n.

(i) Aut K(r) 1.

(iv) If N is anormal closure oK overK(r), then there is a subfield
of N isomorphic tcE.

(v) There is no radical extensi®of K such thakK K(r) R
(This exercise shows the hypothesis thlae Galois oveK is indespens
able in Theorem 59.8.)

4. Prove thag§, andA, are the only nonsolvable transitive subgroups of
S;- (Hint: Assume = (12345) is insuch a subgroup of S.. There is a
transposition or a 3-cycle & In the first case contains all transposi
tions andG = S,. In the second case, witha 3—éycle inG, we have

and there are’&ven permutations @dandA, G)

5. Letf(x) [X] be an irreducible polynomial afegree 5.Show that, if
f(x) has three real and two complex conjugate rodien the Galois
groupf(x) is S;. (Hint: Use Ex. 1 and the discriminant.)

6. Find five irreducible polynomials in[X] whose Galois groups agg.

3 3
7. Show that\/2+ 121+ \/2 121 = 4 (Raffael Bombelli (ca. 1520
1572)).
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8. LetK be a subfield of andlet f(xX) be a cubic polynomial iK[X]. Let
D be the discriminant d{x). Prove that

(a)D 0 if and only iff(x) has three real distinct roots;

(b) D O if and only iff(x) has one real andio complexconjugate
roots;

(c) D = 0 if and only iff(xX) has three real roots, one of which
repeated.

9. LetK be a subfield of and letf(x) be an irreducible polynomial in
K[X] such thaK(a) is a splitting field oveK of f(x), for any roota of f(x).
Show that there is no splitting field ffk) overK and aradical extension
R of K satisfyingS R

10. Prove the converse of Theorem 59.@2nt: Show that, ithe degree
of K over is a power otwo, so is the degree over of the normal
closure of overK . Use Galois correspondence and Ex. 12 in §26.)

11. Prove that the angle 90° cand the angle 60° cannot be trisected
by ruler and compass alone.

12. Show that, ih has the fornrm = 2a0p1p2. .. P, wherep, are distinct

Fermat primes, thera regular n-gon is constructible by ruler and
compass alone.
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