
§ 59
Applications

This paragraph consists of five parts. In the first part, we give an exact

definition of solvability by radicals, discuss radical extensions and

establish the fundamental theorem due to Galois that a polynomial

equation is solvable by radicals if and only if the Galois group of the

polynomial is a solvable group. In the second part, we apply this

theorem to the general polynomial of degree n over a field and deduce

Abel's theorem: if n  5, then the general polynomial of degree n is not

solvable by radicals. In the third part, we discuss solvability of

equations when the degree is prime. In the fourth part, we give

formulas for the roots of polynomials of degree two, three and four. In

the last part, we examine which real numbers can be constructed by

ruler and compass.

*

* *

We study solvability of polynomials by an algebraic formula. We start

by clarifying what we mean by an algebraic formula. Intuitively, this is

an expression like

u
k

m
. . . +

n
. . .  +

t
r

. . . 
s

. . . 

involving addition, subtraction, multiplication, division and taking n-th

roots, where the terms in innermost radicals are elements of the field to

which the coefficients of the polynomial belong. If the terms are from a

field K, the field operations addition, subtraction, multiplication, division

give rise to elements in the same field K, but extraction of n-th root 
n

a

amounts to a field extension, namely to the adjunction of a root of xn  a

to K. Thus a formula basically desribes a sequence

K0  K1  K2  . . .   K
n
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of fields, K0 being the field in which the coefficients of the given

polynomial lie and each K
i+1 is obtained from K

i
 by adjoining a root of a

polynomial of the form xn  a  K
i
[x] to K

i
. These considerations lead to

the following definitions.

59.1 Definition: Let E/K be a field extension. If there are elements
u1,u2, . . . ,u

n
 in E such that

(1) E = K(u1,u2, . . . ,u
n
),

(2) there exist natural numbers h1,h2, . . . ,h
m
 such that u1

h1  K and

u
i
hi  K(u1, . . . ,u

i 1)  for i  = 2, . . . ,n,

then E is called a radical extension of K.

59.2 Definition: Let K be a field and f(x)  K[x]. We say the equation

f(x) = 0 is solvable by radicals provided there is a splitting field S of f(x)

over K and a radical extension R of K such that K  S  R.

Note we do not require the splitting field S itself to be a radical exten-

sion, rather that S be contained in some radical extension.

It follows from Definition 59.1 that a radical extension is a finitely

generated and in fact a finite dimensional extension. When we consider

radical extensions as in Definition 59.1 we agree, for uniformity in

notation, to read K(u1, . . . ,u
h 1) as K when h = 1. .

If, in the setup of Definition 59.1, h
i
 = rs and if we put u

i
r = u

i´ so that

u
i´
s  K(u1, . . . ,u

i 1), then we may insert the field K(u1, . . . ,u
i 1,u

i´) between

K(u1, . . . ,u
i 1) and K(u1, . . . ,u

i 1,u
i
):

K(u1, . . . ,u
i 1)  K(u1, . . . ,u

i 1,u
i´)  K(u1, . . . ,u

i 1,u
i´,ui

) = K(u1, . . . ,u
i 1,u

i
),

without disturbing the condition (2) in Definition 59.1 because

u
i´
s  K(u1, . . . ,u

i 1) and u
i
r  K(u1, . . . ,u

i 1,u
i´).

Thus inserting additional intermediate fields if necessary, we may

suppose that the h
i
 in Definition 59.1. are prime numbers whenever we

want to..
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One of the principle theorems in this paragraph is that, if a polynomial

equation f(x) = 0 is solvable by radicals, then the Galois group of f(x) is a

solvable group (Definition 27.19). In fact, we obtain more general

results. In the next three lemmas, we study radicality of some related

field extensions.

59.3 Lemma: Let K  L  E be fields.

(1) If E is a radical extension of K, then E is a radical extension of L.

(2) If L is a radical extension of K and if E is a radical extension of L,

then E is a radical extension of K.

Proof: (1) If E is a radical extension of K, there are u1,u2, . . . ,u
n
 in E such

that E = K(u1,u2, . . . ,u
n
) and u

i
hi  K(u1, . . . ,u

i 1) for some natural numbers

h
i
 (i  = 1,2, . . . ,n). Then E = L(u1,u2, . . . ,u

n
), as K  L  E and also u1

h1  L

and u
i
hi  L(u1, . . . ,u

i 1) for i  = 2, . . . ,n. Thus E is a radical extension of L.

(2) If L is a radical extension of K, then there are elements u1,u2, . . . ,u
n
 in

L such that L = K(u1,u2, . . . ,u
n
) and natural numbers h1,h2, . . . ,h

m
 such that

u1
h1  K and u

i
hi  K(u1, . . . ,u

i 1). If E is a radical extension of L, then

there are elements t1,t2, . . . ,t
m
 in E such that E = L(t1,t2, . . . ,t

n
) and natural

numbers k1,k2, . . . ,k
m
 such that t1

k1  L and t
i
ki  L(t1, . . . ,t

i 1). Thus there

are elements u1,u2, . . . ,u
n
,t1,t2, . . . ,t

m
 in E such that

E = K(u1,u2, . . . ,u
n
,t1,t2, . . . ,t

m
) and natural numbers h1,h2, . . . ,h

m
,k1,k2, . . . ,k

m

such that

u1
h1  K and

u
i
hi  K(u1, . . . ,u

i 1) for i  = 2, . . . ,n,

t1
k1  K(u1,u2. . . ,u

n 1,u
n
)

t
i
ki  K(u1,u2, . . . ,u

n
,t1, . . . ,t

i 1) for i  = 2, . . . ,m.

This shows that E is a radical extension of K.       

59.4 Lemma: Let K be a field and L,M radical extensions of K contained

in some extension of K. Then their compositum (see Definition 50.17) LM

is a radical extension of K.

Proof: Since L and M are radical extensions of K, we have
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L = K(u1,u2, . . . ,u
n
) and u

i
hi  K(u1, . . . ,u

h 1) (i  = 1,2, . . . ,n)

M = K(t1,t2, . . . ,t
m
) and t

j
kj  K(t1, . . . ,t

k 1) (j  = 1,2, . . . ,m)

with some suitable elements u
i
, t

j
 and natural numbers h

i
,k

j
. Now LM is

the smallest subfield of E containing K and u1,u2, . . . ,u
n
,t1,t2, . . . ,t

m
, so LM =

K(u1,u2, . . . ,u
n
,t1,t2, . . . ,t

m
). Since u

i
hi  K(u1, . . . ,u

h 1) for i  = 1,2, . . . ,n and

likewise t
j
kj  K(u1,u2, . . . ,u

n
,t1, . . . ,t

k 1) for j  = 1,2, . . . ,m, we conclude that

LM is a radical extension of K (where K(u1,u2, . . . ,u
n
,t1, . . . ,t

k 1) is to be

read as K(u1,u2, . . . ,u
n
) when k = 1).       

59.5 Lemma: Let E/K be a radical field extension and let N be a normal

closure of K over E. Then N is a radical extension of K.

Proof: Let {a1,a2, . . . ,a
m
} be a K-basis of E and let f

i
(x)  K[x] be the

minimal polynomial of a
i
 over K. We remind the reader of the fact that N

is a splitting field of f(x):= f1(x)f2(x). . . f
m
(x) over K (see the proof of

Theorem 55.11).

Let a be a root of f
j
(x). There is a K-isomorphism : K(a

j
)  K(a) with a

j
 =

a (Theorem 53.2). Since N is a splitting field of f(x) over K(a
j
) and over

K(a) (Example 53.5(e)), the isomorphism  extends to a K-automorphism

: N  N of N (Theorem 53.7). Then E  is an intermediate field of N/K
which is K-isomorphic to E and E  contains the root a

j
 of f

j
(x). In this

way, we find, for each j  = 1,2, . . . ,m and for each root b of f
j
(x),

intermedi-ate fields of N/K  which are K-isomorphic to E and which
contain the root b of f

j
(x).

Let E1,E2, . . . ,E
s
 be the fields obtained in this way. Then each E

i
 is K-

isomorphic to E and so a radical extension of K. Using Lemma 59.4

repeatedly, we get that the compositum E1(E2(E3( . . . Es
)). . . ) is a radical

extension of K. But this compositum is a subfield of N containing all roots

of f(x). Since N is a splitting field of f(x) over K, the compositum must

equal N. Thus N is a radical extension of K.       
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59.6 Lemma: Let E/K be a finite dimensional field extension, m  .

Assume char K = 0 or (m,char K) = 1 and let  be a primitive m-th root of

unity. If E is Galois over K, then E( ) is also Galois over K.

Proof: We have a chain of fieldsK  E  E( ). By Theorem 55.7, there is

a polynomial f(x)  K[x] whose irreducible factors are separable over K

such that E is a splitting field of f(x) over K and E( ) is the splitting field

of the m-th cyclotomic polynomial 
m
(x). over E, whose irreducible

factors, too, are separable over E (Theorem 58.10)..

We claim E( ) is a splitting field of f(x)
m
(x)  K[x] over K (we have

m
(x)  K[x] by Lemma 58.7(2)). Since the irreducible factors of

f(x)
m
(x) have no multiple roots, they are separable over K and the

claim will imply that E( ) is a Galois extension of K (Theorem 55.7)..

Any root of f(x)
m
(x) is in E( ), so f(x)

m
(x) splits in E( ). Now let F be a

subfield of E( ) containing K such that f(x)
m
(x) splits in F. Then all roots

of f(x) are in F and,. since E is generated over K by the roots of f(x)

(Example 53.5(d)),. E  F. Moreover, F contains , so we have E( )  F.

Thus f(x)
m
(x) cannot split in any proper subfield of E( ) containing K

and E( ) is therefore Galois over K..       

59.7 Lemma: Let K be a field, n   and assume that char K = 0 or

(char K,n) = 1. Suppose that K contains a primitive n-th root of unity. Let

a  K\{0} and let u be a root of xn  a  K[x]. Then

(1) K(u) is a cyclic extension of K;

(2) K(u):K  divides n and uK(u):K   K.

Proof: (1) We must show K(u) is Galois over K and Aut
K

K(u) is a cyclic

group. If   K is a primitive n-th root of unity, then u, u, 2u, . . . , n 1u

are the roots of xn  a. Thus K(u) is a splitting field of xn  a over K. The

polynomial xn  a has no multiple roots, so the irreducible divisors of

xn  a are separable over K. Thus K(u) is Galois over K (Theorem 55.7).

We now show that Aut
K

K(u) is cyclic. If   Aut
K

K(u), then u  is a root of

xn  a, so u  = u for some (not necessarily primitive) n-th root of

unity. Since u = u( ) = (u )  = ( u)  = ( )(u ) = . u = ( )u and so
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 =  for any ,   Aut
K

K(u), the mapping : Aut
K

K(u)    K  is a 
      

homomorphism of groups. Here   Ker  if and only if  = 1, i.e., if and

only if u  = u, so if and only if  is the identity mapping on K(u).
.
 Thus

Ker  = 1 and  is one-to-one. This shows that Aut
K

K(u) is isomorphic to

a subgroup of K . Since Aut
K

K(u) is finite, Aut
K

K(u) is a cyclic group by

Theorem 52.18.

(2) Let K(u):K  = d. Since K(u) is Galois over K, we have Aut
K

K(u)  = d by

the fundamental theorem of Galois theory. So Aut
K

K(u) is a cyclic group

of order d, say Aut
K

K(u) = . Now  is isomorphic to a subgroup 

of  and  has order n. Hence dn. Moreover, o( ) = =  = o( )

= d, so d = 1 and (ud)  = (u )d = ( u)d = dud = ud, so ud is fixed by 

and by Aut
K

K(u), so ud  K since K(u) is Galois over K.       

We now proceed to prove that the Galois group of a polynomial is a

solvable group if the polynomial is solvable by radicals. It will be seen

that it is sufficient to prove this under the asumption that a splitting

field of the polynomial is a radical extension (rather than a subfield of a

radical extension), and one may moreover suppose that splitting field of

the polynomial is Galois over the base field. As a technical convenience,

we will bring a certain root of unity into the base field. Then the

subgroups of the Galois group corresponding to the intermediate fields

as in Definition 59.1 under the Galois correspondence will make up a

chain such that each group will be normal in the next one and the factor

groups will be cyclic by Lemma 59.7. This will give an abelian series of

the Galois group, which must be therefore solvable.

59.8 Theorem: Let K be a field and E a Galois extension of K.. If E is a

radical extension of K, then Aut
K
E is a solvable group.

Proof: Since E is a radical extension of K, we have E = K(u1,u2, . . . ,u
n
) and

there are natural numbers h1,h2, . . . ,h
m
 such that u

i
hi  K(u1, . . . ,u

i 1) for i

= 1,2, . . . ,n. Without loss of generality, we may suppose h
i
 are prime

numbers.
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First we show that char K, if distinct from 0,. can be assumed to be

distinct from all the prime numbers h
i
. Indeed, if 0  char K = p = h

i
,

then u
i
p  K(u1, . . . ,u

i 1). But E is Galois, hence separable over K and over

K(u1, . . . ,u
i 1) (Lemma 55.6), so u

i
 is separable over K(u1, . . . ,u

i 1) and

K(u1, . . . ,u
i 1,u

i
) = K(u1, . . . ,u

i 1)(ui
) =  K(u1, . . . ,u

i 1)(ui
p)  = K(u1, . . . ,u

i 1,u
i
p) =

K(u1, . . . ,u
i 1) by Lemma 55.16. Thus K(u1, . . . ,u

i 1) = K(u1, . . . ,u
i 1,u

i
) and u

i

can be deleted from the set of generators.. We assume all generators of

this type have been deleted and thus all the prime numbers h
i
 are

relatively prime to the characteristic of K in case char K = p  0..

Put m = h1h2. . . h
n
 and let  be a primitive m-th root of unity. We

consider the cyclotomic extensions E( ) of E and K( ) of K:

E( )

E K( )

 .     E  K( )

K

Since either char K = 0 or char K is relatively prime to m,. Lemma 59.6

shows that E( )/K is Galois. (E is finite dimensional over K because E is a

radical extension of K). Theorem 54.25(2) gives: Aut
E
E( )  Aut

K
E( ) and

Aut
K

E  Aut
K

E( ) / Aut
E
E( ). We want to prove that Aut

K
E is a solvable

group. If we can show that Aut
K

E( ) is solvable, then Aut
K

E will also be

solvable,. because a factor group of a solvable group is solvable (Lemma

27.20). Thus it is sufficient to prove that Aut
K

E( ) is a solvable group.

We make one further reduction.. K( ) is a Galois extension of K by

Theorem 58.10(2), so Aut
K( )E( )  Aut

K
E( ) and moreover Aut

K
K( ) 

Aut
K

E( ) / Aut
K( )E( ). We know that Aut

K
K( ) is abelian (Theorem

58.10(3)). Thus Aut
K

E( ) / Aut
K( )E( ) is abelian and solvable. If we can

show that Aut
K( )E( ) is solvable, then Aut

K
E( ) will also be solvable in

view of Lemma 27.21. Thus it is sufficient to prove that Aut
K( )E( ) is a

solvable group..

We put K( ) = E0 and K( ,u1, . . . ,u
i
) = E

i
 for i  = 1,2, . . . ,n. In particular E

n
 =

K( ,u1,u2, . . . ,u
n
) = K(u1,u2, . . . ,u

n
)( ) = E( ). Since E

n
/K is Galois, E

n
 is Galois

over any intermediate field (Theorem 54.25(1)). Thus E
n
 is Galois over
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E0. Let G
i
  Aut

E0
E
n
 = Aut

K( )E( ) be the subgroup E
i
´ = Aut

Ei
E
n
 of Aut

E0
E
n

corresponding to E
i
 (i  = 0,1,2, . . . ,n).

       E( ) = E
n
   G

n
 = 1

E
i

G
i

E
i 1 G

i 1

       K( ) = E0 G0

Now char E
i 1 = 0 or relatively prime to h

i
 

E
i
 = K( ,u1, . . . ,u

i
) = K( ,u1, . . . ,u

i 1)(ui
) = E

i 1(ui
),

 u
i
hi  K(u1, . . . ,u

i 1)  K( ,u1, . . . ,u
i 1) = E

i 1,

and E
i 1 has a primitive h

i
-th root of unity,

since in fact E
i 1 has a primitive m-th root of unity (i  = 1,2, . . . ,n). Thus

Lemma 59.7 applies and shows that E
i
 is a cyclic extension of E

i 1 of

degree E
i  

: E
i 1  = h

i
 or 1. In particular, E

i
 is Galois over E

i 1 and, since E
n
 is

also Galois over E
i 1, we get G

i
  G

i 1 and G
i 1/G

i
   Aut

Ei-1
E
i
  from Theorem

54.25(2). Thus G
i 1/G

i
  = E

i  
: E

i 1  = h
i
 or 1 and G

i 1/G
i
 is cyclic (of prime

order h
i
 or of order 1). Hence

1 = G
n
  G

n 1  G
n 2  . . .   G1  G0 = Aut

E0
E
n
 = Aut

K( )E( )

is an abelian series of Aut
K( )E( ) and Aut

K( )E( ) is a solvable group. This

completes the proof.       

59.9 Lemma: Let E/K be a field extension and

K1 = {a  S : a  = a for all   Aut
K

E}.

Then Aut
K

E = Aut
K1

E and E is Galois over K1.

Proof: Clearly K1 is closed under addition, subtraction, multiplication

and division; so K1 is a field and we have K  K1 by the very definition of

K1. Any K-automorphism of E fixes the elements of K1 and, since K  K1,

any K1-automorphism of E fixes K elementwise. Thus Aut
K

E = Aut
K1

E.
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If b  E is fixed by all K1-automorphisms of E, then b is fixed by all K-

automorphisms of E, so b  K1. Hence K1 is the fixed field of Aut
K1

E, which

means E is a Galois extension of K1.       

59.10 Theorem: Let K  S  R be a fields.. If R is a radical extension of

K, then Aut
K
S is a solvable group.

Proof: We put K1 = {a  S : a  = a for all   Aut
K

E}. Then Aut
K

S = Aut
K1

S

and S is a Galois extension of K1 by Lemma 59.9. Moreover, R is a radical

extension of K1 (Lemma 59.3(1)). Let N be a normal closure of K1 over R.

Then N is a radical extension of K1 by Lemma 59.5.

N

R

radical

S radical

Galois

K1

K

Now S is a Galois extension of K1, so S is (K1,N)-stable (Theorem 54.23).

Then Aut
S
N  Aut

K1
N and Aut

K1
N / Aut

S
N  is isomorphic to the subgroup

of Aut
K1

S consisting of all K1-automorphisms of S that are extendible to N

(Theorem 54.24). What is this subgroup of Aut
K1

S? Since N is normal

over K1, there is a polynomial f(x) in K1[x] such that N is a splitting field

of f(x) over K1 (Theorem 55.8). Thus N is a splitting field of f(x) over S

(Example 53.5(e)) and any K1-automorphism of S can be extended to a

K-automorphism of N (Theorem 53.7). So the subgroup of Aut
K1

S consist-

ing of all K1-automorphisms of S that are extendible to N is actually the

whole Aut
K1

S. We get
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Aut
K

S = Aut
K1

S  Aut
K1

N / Aut
S
N.

Since any factor group of a solvable group is solvable (Lemma 27.20),. it

suffices to prove that Aut
K1

N is solvable. As in the first paragraph in this

proof,. we replace the base field by another and make the extension

Galois. We put K2 = {a  N : a  = a for all   Aut
K1

N}  N. Then K1  K2

and Aut
K1

N = Aut
K2

N.  Here N is a Galois, radical extension of K2 (Lemma

59.9, Lemma 59.3(1)) and Theorem 59.8 yields that Aut
K1

N = Aut
K2

N is a

solvable group..       

From Definition 59.2 and Theorem 59.10, we get

59.11 Theorem: Let K be a field and f(x)  K[x]. If the equation f(x) = 0

is solvable by radicals, then the Galois group of f(x) is a solvable group. 

We now want to establish the converse of Theorem 59.9. Let E/K be a
Galois extension. If Aut

K
E is solvable, then the composition factors of

Aut
K

E are cyclic of prime order and the Galois correspondence gives rise

to a chain of intermediate fields in which the two consecutive terms

represent a cyclic extension of prime degree. There are two types of

cyclic extensions of prime degree: (1) extensions of the form K(u)/K

where u is a root of xp  x and char K = 0 or (p,char K) = 1 and (2) exten-

sions of the form K(u)/K, where u is a root of xp  x  a and p = char K.

(Just as Lemma 59.7 is the converse of Theorem 57.11, Theorem 57.10

admits a converse; see § 57, Ex. 3,4.) Hence the extensions of the second

type will creep into the intermediate field structure of E/K. There are

two ways of coping with this situation. Either we modify the definition

of radical extensions so as to include extensions of the second type as

admissible intermediate steps (see Ex. 1,2.) or we impose restrictive

hypotheses on the characteristic to prevent extensions of the second

type from coming up.

768



59.12 Theorem: Let K be a field and E a finite dimensional Galois

extension of K. Assume char K = 0 or 0  char K and char K does not
divide E : K . If  Aut

K
E is a solvable group, then there is a radical extension

R of K such that K  E  R.

Proof: We make induction on E:K . If E:K  = 1, then E = K and K is a

radical extension of K containing K. Thus the theorem is proved in case

E:K  = 1.

Let n = E:K . Assume n  2 and the theorem is proved for all field

extensions of degree  n.

Since Aut
K

E is a solvable group, Aut
K

E =: G has a subgroup of prime

index, say H  G and G:H  = p, where p is a prime number 
.
(Theorem

27.25). Here p divides Aut
K

E  = E:K , so p  char K by hypothesis. Let 

be a primitive p-th root of unity. The cyclotomic extension K( ) is a

radical extension of K, so, if we can prove there is a radical extension R

of K( )

1 E( )

E K( )

 .     E  K( )

H

  p
Aut

K
E K

containing E( ), then R will be a radical extension of K containing E

(Lemma 59.3(2)).

We show that E( ) is contained in some radical extension of K( ).. Since E

is Galois over K,. Lemma 59.6 yields E( ) is Galois over K and Theorem

54.23 yields E is (K,E( ))-stable. So the restriction mapping   
E
 is a

homomorphism : Aut
K( )E( )  Aut

K
E. If   Ker   Aut

K( )E( ), then 
E

fixes all elements of E, so  fixes all elements of E and also ,. so  is the

identity mapping on E( ), so Ker  = {
E( )} and  is one-to-one.

We distinguish two cases, according as Im  is a proper subgroup of
Aut

K
E or equal to Aut

K
E. Since E( ) is Galois over K, it is Galois over K( )

by Theorem 54.25(1) and so E( ):K( )  = Aut
K( )E( ) .
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If Im   Aut
K

E, then E( ):K( )  = Aut
K( )E( )  = Im   Aut

K
E  = n. Now

Aut
K( )E( ), being isomorphic to a subgroup of the solvable group Aut

K
E,

itself is a solvable group (Lemma 27.20) and. E( ) is Galois over K( ), so,

by induction, there is a radical extension R of K( ) containing E( ).. The

proof is complete in this case. .

If Im  = Aut
K

E, then  is an isomorphism and has an inverse isomorph-

ism 1: Aut
K

E  Aut
K( )E( ). We put J = H 1. Then J  Aut

K( )E( ) and

Aut
K( )E( ):J  = p. Since H is solvable, its isomorphic image J is solvable.

Let F = (Aut
J
E( ))´ be the intermediate field of the Galois extension

E( )/K( ) corresponding to J.

E( ) 1   1

F J H
  p    p    p

K( ) Aut
K( )E( ) Aut

K
E

As J  Aut
K( )E( ), Theorem 54.25(2) shows that F is Galois over K and

Aut
K( )F  Aut

K( )E( ) / Aut
F
E( ) = Aut

K( )E( ) / J   C
p
. So F is a cyclic

extension of K( ), so F = K(u) for some root of a suitable polynomial of

the form xp  a in K( )[x] (Theorem 57.11). Thus F is a radical extension

of K( ). Here Aut
F
E( ) = J is solvable, E( ) is Galois over F (Theorem

54.25(1)) and E( ):F   E( ):F F:K( )  = E( ):K( )  = n, so, by induction,

there is a radical extension R of F with F  E( )  R. Since R is a radical

extension of F and F is a radical extension of K( ), Lemma 59.3(2) yields

that R is a radical extension of K( ) with K( )  E( )  R. This completes

the proof.       

59.13 Theorem: Let K be a field and f(x)  K[x] a polynomial of degree

n  0. Suppose char K = 0 or  0  char K  n. Then the equation f(x) = 0

is solvable by radicals if and only if the Galois group of f(x) is a solvable

group.

Proof: If the equation f(x) = 0 is solvable by radicals, then the Galois

group of the polynomial f(x) is solvable by Theorem 59.11.
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Conversely, let S be a splitting field of f(x) over K and assume that the
Galois group Aut

K
S of f(x) is solvable. In order to prove that the equation

f(x) = 0 is solvable by radicals, i.e., in order to prove that there is a

radical extension R of K satisfying K  S  R, it suffices, in view of

Theorem 59.12, to show that S is Galois over K and char K = 0 or char K

does not divide S:K .

To prove that S is Galois over K, we use Theorem 55.7. We need only

show that the irreducible factors of f(x) are separable over K. This is

clear in case char K = 0. If char K  0 and axd + . . .   K[x] is an irreducible

factor of f(x) with a  0, then d  n  char K and da  0  K, so its

derivative daxd 1 + . . .  is not equal to 0  K[x] and axd + . . .  is separable

over K.

Thus we are done in case char K = 0. In case char K  0, we have char K

 n, so the prime number char K does not divide n! and, as S:K   n!, it

does not divide S:K  either. The proof is complete.       

*

* *

In this part, we prove the celebrated theorem due to Abel which states

that the general polynomial (over a field of characteristic 0) of degree n

is solvable by radicals if and only if n  4 and some related results.

First of all, we must explain what we mean by the general polynomial of

degree n.

59. 14 Definition:  Let K be a field and let a1,a2, . . . ,a
n 1,a

n
 be n distinct

indeterminates over K. The polynomial

g(x) = xn  a1x
n 1 + a2x

n 2  a3x
n 3 +  . . .  +  ( 1)n 1a

n 1x + ( 1)na
n

in K(a1,a2, . . . ,a
n 1,a

n
)[x] is called the general polynomial of degree n over

K.

Any monic polynomial in K[x] can be obtained from f(x) by substituting

appropriate elements of K for the indeterminates. This justifies the

terminology. Note, however, a peculiarity: the general polynomial of
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degree n over K is not a polynomial over K, that is, it is not in K[x], but in
K(a1,a2, . . . ,a

n 1,a
n
)[x].

Alternating signs are attached to the coefficients a
j
 for convenience in

computations. This makes it easier to compare the coefficients a
j
 with

the elementary symmetric polynomials..

Our main goal is to prove that. the Galois group of the general polynomial

of degree n is the symmetric group S
n
. After we established some

prepatory lemmas, we prove that each permutation of the roots induces

an automorphism of the splitting field if the roots are indeterminates

(Theorem 59.17) and that we can indeed treat the roots of the general

polynomial as indeterminates (Theorem 59.18).

59.15 Lemma: Let D1,D2 be integral domains and F1,F2 the field of frac-

tions of D1,D2, respectively. If : D1   D2 is a ring isomorphism, then the

mapping

1: F1  F2

 a/b   (a )/(b )

is a field isomorphism.

Proof: We are to show that 1 is a one-to-one ring homomorphism from

F1 onto F2.  Let a,b,c,d  D1 and b,d  0. Then

a/b = c/d ad = bc (ad)  = (bc)   a .d  = b .c

  (a )/(b ) = (c )/(d ) (a/b) 1 = (c/d) 1,

which shows that 1 is well defined and one-to-one. Moreover, if u  F2,

then u = e/f for some e,f  D2 with f  0,. then e = a  and f = b  for some

a,b  D1 and b  0,. so u = e/f = a /b  = (a/b) 1 is the image of a/b  F1

under 1 and thus 1 is onto F2.

It remains to prove that 1 preserves addition and multiplication. This is

easy: if a,b,c,d  D and b,d  0, then .

[(a/b) + (c/d)] 1 = [(ad + bc)/bd] 1 = (ad + bc) /(bd)

= (a d  + b c )/(b d ) = (a /b ) + (c /d ).

= (a/b) 1 + (c/d) 1
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and 
    [(a/b)(c/d)] 1 = (ac/bd) 1 = (ac) /(bd)  = (a c )/(b d )

= (a /b )(c /d ) = (a/b) 1(c/d) 1.

Thus 1 is a field isomorphism.       

59.16 Lemma: Let K be a field and let x1,x2, . . . ,x
n
 be n distinct indeter-

minates over K. .

(1) For each permutation   S
n
, the mapping

´: K(x1,x2, . . . ,x
n
)      K(x1,x2, . . . ,x

n
)

f(x1,x2, . . . ,x
n
)/g(x1,x2, . . . ,x

n
)  f(x1 ,x2 , . . . ,x

n
)/g(x1 ,x2 , . . . ,x

n
)

is a field automorphism of K(x1,x2, . . . ,x
n
).

(2) If ,   S
n
 and   , then ´  ´.

Proof: (1) Let   S
n
. The mapping ́ ´: K[x1,x2, . . . ,x

n
]  K[x1,x2, . . . ,x

n
]

        f(x1,x2, . . . ,x
n
)  f(x1 ,x2 , . . . ,x

n
)

is the substitution homomorphism that substitutes x
j
 for x

j
  (j  = 1,2,. . .

,n). It has an inverse (́́ ) 1 = ( 1)´´: f(x1,x2, . . . ,x
n
)  f(x1 -1,x2 -1, . . . ,xn -1).

Thus ´´ is a ring isomorphism from the integral domain K[x1,x2, . . . ,x
n
]

onto itself. Lemma 59.15 gives that

( ´´)1: K(x1,x2, . . . ,x
n
)  K(x1,x2, . . . ,x

n
)

 f(x1,x2, . . . ,x
n
)/g(x1,x2, . . . ,x

n
)        f(x1,x2, . . . ,x

n
) ´´/g(x1,x2, . . . ,x

n
) ´´

is a field automorphism of the the field K(x1,x2, . . . ,x
n
) of fractions of

K[x1,x2, . . . ,x
n
]. But ( ´´)1 is nothing else than ́. Hence ´ is a field auto-

morphism of K(x1,x2, . . . ,x
n
).

(2) If   , then there is a j   {1,2, . . . ,n} such that j   j , then x
j

´ = x
j

 

x
j
 = x

j
, so ´  ´.       

59.17 Theorem: Let K be a field and x1,x2, . . . ,x
n
 be n distinct indeter-

minates over K and let

f1 = ∑
 
 x

i
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f2 = ∑
 
 x

i
x

j

f3 = ∑
 
 x

i
x

j
x
k

                    . . . . . . . . . . . . . . .
f
n

=  x1x2. . . x
n

be the elementary symmetric polynomials in K[x1,x2, . . . ,x
n
]. Then the

field of rational functions K(x1,x2, . . . ,x
n
) is a Galois extension of

K(f1,f2, . . . ,f
n
), the subfield of K(x1,x2, . . . ,x

n
) generated by f1,f2,. . . ,f

n
 over K

and  Aut
K(f1,f2,...,fn)

K(x1,x2, . . . ,x
n
)  S

n
.

Proof: We put E = K(x1,x2, . . . ,x
n
) and L = K(f1,f2, . . . ,f

n
). Let x be a new

indeterminate over K. If

h(x) = xn  f1(x1,x2,. . . ,x
n
)xn 1 + f2(x1,x2,. . . ,x

n
)xn 2 + . . .  + ( 1)nf

n
(x1,x2,. . . ,x

n
),

then h(x)  L[x] and h(x) splits in E:

h(x) = (x  x1)(x  x2). . . (x  x
n
).

Since E = L(x1,x2,. . . ,x
n
) is generated by the roots x1,x2,. . . ,x

n
 of g(x) over L,

we deduce that E is a splitting field of h(x) over L (Example 53.5(d)). As

h(x) has no multiple roots, the irreducible factors of h(x) in L[x] are

separable over L. Theorem 55.7 tells now E is a Galois extension of L.

For each of the n! permutations  in S
n
, there is a ´  Aut

 
(E) by Lemma

59.16, and ́  fixes f1,f2, . . . ,f
n
 as f1,f2, . . . ,f

n
 are symmetric polynomials, so

´ fixes L = K(f1,f2, . . . ,f
n
). This means ´  Aut

L
E. As ´, ´  Aut

L
E are

distinct whenever ,   S
n
 are distinct, there are at least n! automorph-

isms in Aut
L
E and Aut

L
E   n!.  On the other hand, Aut

L
E  =  E:L  since E

is Galois over L and E:L   n! by Theorem 53.6 and Theorem 53.8.. So

we have Aut
L
E  = n!. We know from Theorem 56.14 that Aut

L
E is

isomorphic to a subgroup of S
n
. In view of Aut

L
E  = n!, it must be

isomorphic to S
n
.       

59.18 Theorem: Let K be a field and n  . The Galois group of the

general polynomial of degree n over K is isomorphic to S
n
.
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Proof: Let a1,a2, . . . ,a
n 1,a

n
 indeterminates over K so that

g(x) = xn  a1x
n 1 + a2x

n 2  a3x
n 3 +  . . .  +  ( 1)n 1a

n 1x + ( 1)na
n

is the general polynomial of degree n over K. We put L1 = K(a1,a2, . . . ,a
n
).

Let E1 be a splitting field of f(x) over L1[x] and r1,r2, . . . ,r
n
  E1[x] the

roots of f(x). Then E1 = L1(r1,r2, . . . ,r
n
) = K(a1,a2, . . . ,a

n
,r1,r2, . . . ,r

n
)

= K(r1,r2, . . . ,r
n
) by Example 53.5(d). The Galois group of f(x) is Aut

L1
E1.

Let x1,x2, . . . ,x
n
 be n indeterminates over K which are distinct from the

a1,a2, . . . ,a
n
. Let E = K(x1,x2, . . . ,x

n
) and let f1,f2,. . . ,f

n
 be the elementary

symmetric polynomials in K[x1,x2, . . . ,x
n
] and put L = K(f1,f2, . . . ,f

n
). We

know Aut
L
E  S

n
 from Theorem 59.17.

 K(r1,r2, . . . ,r
n
) = E1  K(x1,x2, . . . ,x

n
) = E

 K(a1,a2, . . . ,a
n
) = L1                 

1 K(f1,f2, . . . ,f
n
) = L

      K K

We show that there is a K-isomorphism 1: L1  L. First observe that we

have the substitution homomorphism : K[a1,a2, . . . ,a
n
]  K[f1,f2, . . . ,f

n
] that

maps a
i
 to f

i
 and h(a1,a2, . . . ,a

n
) to h(f1,f2, . . . ,f

n
). Clearly  fixes all ele-

ments of K. Furthermore,  is one-to-one, for if h1,h2  K[a1,a2, . . . ,a
n
],

then h1  h2 implies h1  = h1(f1,f2, . . . ,f
n
)  h2(f1,f2, . . . ,f

n
) = h2  by the

uniqueness assertion in the fundamental theorem on symmetric poly-
nomials (Theorem 38.4). Thus  is a ring isomorphism from K[a1,a2, . . . ,a

n
]

onto Im . Using Lemma 59.15, we extend  to a field isomorphism 1
from L = K(a1,a2,. . . ,a

n
) onto the the field of fractions of Im   L. Since L

= K(f1,f2, . . . ,f
n
) and {f1,f2, . . . ,f

n
}  Im , it follows that the field of

fractions of Im  is equal to L and thus 1 is onto L. Also 1 fixes every

element of K. Hence 1: L1  L is a K-isomorphism.

The homomorphism 1: L1[x]  L[x] of Lemma 33.7 maps

g(x) = xn  a1x
n 1 + a2x

n 2  a3x
n 3 +  . . .  +  ( 1)n 1a

n 1x + ( 1)na
n
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to
 
    h(x) = xn  f1x

n 1 + f2x
n 2  f3x

n 3 +  . . .  +  ( 1)n 1f
n 1x + ( 1)nf

n
.

Here E1 is a splitting field of g(x) over L1 and E = L(x1,x2,. . . ,x
n
) is a split-

ting field of h(x) over L (Example 53.5(d)), so the isomorphism 1: L1  L

can be extended to an isomorphism : E1  E (Theorem 53.7). Lemma

56.11(1) and Theorem 59.17 give now Aut
L1

E1  Aut
L
E  S

n
. This

completes the proof.
      

59.19 Theorem (Abel): Let K be a field, n   and g(x) the general

polynomial of degree n over K. If the equation g(x) = 0 is solvable by

radicals, then n  4. Conversely, if char K = 0 and n  4, then the  equa-

tion g(x) = 0 is solvable by radicals.

Proof: The Galois group of g(x) is S
n
 (Theorem 59.18). If the equation

g(x) = 0 is solvable by radicals, then S
n
 is a solvable group (Theorem

59.11), so n  4 by Theorem 27.26.. Conversely,  if n  4 and  char K =

0, then S
n
 is a solvable group (Example 27.10(a),(b), Theorem 27.25) and

the equation g(x) = 0 is solvable by radicals (Theorem 59.13)..

      

Theorem 59.19 is a statement about general polynomials. It does not

state that specific polynomial equations of degree  5 cannot be

solvable by radicals.

*

* *

In this part, we examine solvability by radicals of polynomial equations

of prime degree. It is necessary to understand the solvable transitive
subgroups of S

p
. These have a simple structure. After we gave a

characterization of solvable transitive subgroups of S
p
, we prove the

curious result of Galois: "In order for an irreducible equation of prime

degree to be solvable by radicals, it is necessary and sufficient that once

any two of the roos are known the others can be deduced from them

rationally." (Edwards' translation.)
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Let p be a prime number. It will be convenient to regard S
p
 as acting on

the p elements 1,2, . . . ,p of 
p
. For any a  

p
 and b  

p
, We write

a,b: 
p
  

p
.

             u  au + b

Clearly 
a,b  

c,d whenever (a,b)  (c,d). For any (a,b),(c,d)  
p

  
p
, we

have

u
a,b c,d = (au + b)

c,d = c(au + b) + d = cau + cb + d

= (ac)u + (bc +  d) = u
ac,bc+d

,

so  
a,b c,d = 

ac,bc+d
. So A(p) := {

a,b : a  
p

, b  
p
} is closed under the

composition of mappings. Observe that 1,0  A(p) is the identity

mapping and hence (1/a),(-b/a)  A(p) is the inverse of 
a,b. As the

composition of mappings is associative, A(p) is a group. In particular,
each 

a,b is one-to-one and onto, and can be considered as a permutation

in S
p
. Thus we shall regard A(p) as a subgroup of S

p
. Then

a,b = 



1 2 . . .  p

a+b a2+b . . . ap+b ,

where the integers ought to be interpreted modulo p. The permutation

0,1 = (12. . . p) of order p will be denoted as .

59.20 Definition: Let p be a prime number and   S
p
. If there are

elements a  
p

 and b  
p
 such that

 =  



1 2 . . .  p

a+b a2+b . . . ap+b .

then  is called a linear permutation in S
p
. In this case, we shall denote

the permutation  as 
a,b Then A(p) = {

a,b : a  
p

, b  
p
} is a subgroup

of S
p
 and is called the one dimensional affine group over 

p
. If  = (12. . .

p) and   G  A(p), then G is called a linear subgroup of S
p
.

59.21 Lemma: Let p be a prime number,  = (12. . . p)  S
p
 and let H be

a  subgroup of S
p
.

(1) If H is a linear subgroup of S
p
, then the only elements of order p in H

are , 2, 3, . . . , p 1.
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(2) If , 2, 3, . . . , p 1 are the only elements of order p in H, then  is a

characteristic and normal subgroup of H.

(3) If  is a normal subgroup of H, then H is a linear subgroup of S
p

(4) If H is a linear subgroup of S
p
 and H  K  S

p
, then K is a linear

subgroup of S
p
.

Proof:(1) Assume H is a linear subgroup of S
p
 and let   H. Then  =

a,b for suitable a,b  
p
, a  0.

If a = 1, then u  = u + b = u b for any u  {1,2, . . . ,p  1}, so  = b and

o( ) = o( b) and o( b) = 1 in case b = 0 and o( b) = p in case b  = 1,2, . . . ,p

 1. Thus the only elements 1,b in H satisfying o( 1,b) = p are , 2, 3, . . .

, p 1.

To complete the proof, we show that a  1 implies o(
a,b)  p. If a  1 and

 = 
a,b,  then                u 2 = a(au + b) + b = a2u + (a + 1)b,

  u 3 = (a2u + (a + 1)b) + b = a3u + (a2 + a + 1)b

and similarly   u n = anu + (an 1 + an 2 + . . .  + a2 + a + 1)b

for any n  . As a  1  
p

, we can write

  u n = anu + 
an 1
a 1

b

from which we read that n =  if and only if an = 1,. so o( ) = o(a), the

order of a in the multiplicative group 
p

. But 
p

 has order p  1 and, by

Lagrange's theorem, there is no a in 
p

 with o(a) = p. Thus 
a,b cannot be

of order p if a  1.

(2) By hypothesis,   H. Let  Aut(H). Then 1   is an element of

order p in H. Then  = a for some a  {1,2, . . . ,p  1}, so  =  =
a  =  and  is characteristic and therefore also normal in H.

(3) By hypothesis,   H. We must prove H  A(p). Let   H. Then 1

 1  =    =  and  = a for some a  {1,2, . . . ,p  1}. So  =
a and

(t + 1)  = t  = t a = t  + a,  for any t  {1,2, . . . ,p  1,p}.

Then (t + 2)  = (t + 1)  + a = t  + 2a,
 (t + 3)  = (t + 2)  + a = t  + 3a,
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and similarly (t + u)  = t  + ua for all t,u  {1,2, . . . ,p  1,p}. Putting t = 0

and t  = b, we get u  = t  + ua = au + b for any u = 1,2, . . . ,p  1,p. There-
fore  = 

a,b   A(p). This proves H   A(p).

(4) Assume now H is a linear subgroup of S
p
 and H  K  S

p
, We must

prove K  A(p).. Now  is a characteristic subgroup of H by part (2),.
and  is a normal subgroup of K by Lemma 23.15,. so K is a linear

subgroup of S
p
 by part (3).       

59.22 Lemma:. Let p be a prime number and K a transitive subgroup

of S
p
. If 1  H  K, then H is also transitive.

Proof: Let i ,j   {1,2, . . . ,p}. We claim that the number of elements in the

H-orbit of i  is equal to the number of elements in the H-orbit of j .

Indeed, since K is transitive, there is a   K with i  = j  and

H-orbit of i  = H:Stab
H
(i)  = H:Stab

K
(i)  H  = H :(Stab

K
(i)  H)

= H :(Stab
K
(i))   H  = H:(Stab

K
(i))   H  = H:Stab

K
(i )  H

= H:Stab
K
(j)  H  = H:Stab

H
(j)  = H-orbit of j

in view of Lemma 25.10 and Lemma 25.8. Thus all orbits of H have the

same number of elements, say m. If k is the number of H-orbits, then

the {1,2, . . . ,p} is partitioned into k subsets each of which has m

elements. Thus p = mk and k = p or k = 1. If k = p were true, i.e., if there

were p  H-orbits, the H-orbits would consist of single terms and we

would get u  = u for any u  {1,2, . . . ,p},   H. This would give H = 1,

contrary to the hypothesis. Hence k = 1 and H is transitive.

      

59.23 Lemma: Let p be a prime number and G  S
p
. Then G is

transitive if and only if p divides the order of G.

Proof: If p G , there is an element  of G with o( ) = p. Then  is a cycle

of length p, say (a1a2. . . a
p
). Then any a

i
 is mapped to any a

j
 by j i 1  G

and so G is transitive. Conversely, if G is transitive, there is, for each a =
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1,2, . . . ,p, a permutation 
a
 with 1

a
 = a and we have the coset

decomposi-tion 

G = 
i=1

p

 [Stab
G
(1)]

a
,

whence G  = Stab
G
(1)p is divisible by p.       

We can now find all solvable transitive subgroups of S
p
. Basically, we use

Lemma 59.21 and Lemma 59.22 to go downwards and upwards along a

composition series of such subgroups.

59.24 Theorem: Let p be a prime number and G  S
p
. Then G is a solv-

able transitive subgroup of S
p
 if and only if G is conjugate to a linear

subgroup of S
p
.

Proof: Let G be a solvable transitive subgroup of S
p
. Consider a

composition series of G, say

1 = H0  H1  H2  . . .   H
m 1  H

m
 = G.

The composition factors H
i
/H

i 1 are cyclic of prime order by Theorem

27.18. Since H
m
 is transitive, H

m 1 is also transitive by Lemma 59.22, and

then H
m 2 is transitive, then H

m 3 transitive and so on. In this way, we see

that H1 is transitive. Then p divides H1  by Lemma 59.23 and we get H1

= p. So H1 is a cyclic group generated by a cycle (a1a2. . . a
p
). Replacing G

by a conjugate of G, we may assume H1 =  = (12. . . p) . Now Lemma

59.21(4) shows that H2 is a linear subgroup of S
p
, so H3 is also a linear

subgroup of S
p
, so H4 is also a linear subgroup of S

p
 and so on. In this

way, we conclude H
m
 = G is a linear subgroup of S

p
.

Conversely, let G be a linear subgroup of S
p
. Then  is a subgroup of G

and so p divides G  and Lemma 59.23 shows G is a transitive subgroup
of S

p
. Now we have to prove G is solvable. As G  A(p), it will be

sufficient to prove that A(p) is solvable. In view of the multiplication
rule 

a,b c,d = 
ac,bc+d

, the mapping

: A(p)  
p
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a,b  a

is a homomorphism onto 
p

, with Ker  = { 1,b  A(p): b  
p
} = . Thus

  A(p) and A(p)/  = A(p)/Ker   Im  = 
p

 is abelian. Then

1    A(p)

is an abelian series of A(p) and hence A(p) is solvable.       

We give another. group theoretical characterization of solvable transitive

subgroups of S
p
. This will be translated into Galois' characterization of

polynomial equations of prime degree which are solvable by radicals..

59.25 Theorem: 
.
Let p be a prime number and G a transitive subgroup

of S
p
. Then G is solvable if and only if  is the only permutation in G that

fixes two numbers from {1,2, . . . ,p}, i.e., if and only if .
Stab

G
(i)  Stab

G
(j) = 1

for any two distinct i,j from {1,2, . . . ,p}.        
.

Proof: Suppose first that G is a solvable transitive subgroup of S
p
. Then

G is conjugate to a subgroup of A(p),. say G = H , where   H  A(p)

and   S
p
 (Theorem 59.24). If i ,j  are distinct numbers from {1,2, . . . ,p}

and   G fixes both i  and j , then 
-1
  G

-1
 = (H )

-1
 = H  A(p) fixes both

i 1 and j 1. But, aside from the identity, there is no permutation in A(p)

that fixes two distinct numbers from {1,2, . . . ,p}. Thus 
-1
 =  and  = .. So

the identity permutation is the only permutation in G that fixes two

numbers in {1,2, . . . ,p}.

Now suppose conversely that G is a transitive subgroup of S
p
 with the

property that the identity is the only permutation in G that fixes two

numbers in {1,2, . . . ,p}. Let i ,j  be two distinct numbers in {1,2, . . . ,p} and

write

H = Stab
Sp

(i)  Stab
Sp

(j ) = {   S
p
 : i  = i  and j  = j }.

The hypothesis gives H  G = 1. If 1, 2  G and 1, 2 belong to the same

right coset of H in S
p
, then 1 2

1 belongs to H  G = 1, so 1 = 2. Thus

there is at most one element of G in each right coset of H in S
p
. So G  is

781



less than or equal to the number S
p
:H  of right cosets of H in S

p
 and, as H

is isomorphic to S
p 2, we have G   S

p
:H  = S

p
/ H  = p!/(p  2)! = p(p  1).

Lemma 59.23 yields p divides G , so there is an element ´ = (a1a2. . . a
p
)

of order p in G. If we write  = 




a1a2. . . a

p

1 2. . . p
  S

p
, then  (12. . . p) =  = ´  is

an element of order p in G . Aside from the powers of , there is no

permutation of order in G , for if   G  had order p and    = 1,

then    =  = p2 (Lemma 19.6) and so there would be at

least p2 distinct elements in G , whereas G  = G  is at most p2  p. So 

is a normal subgroup of G  by Lemma 59.21(2) and G  is a linear
subgroup of S

p
 by Lemma 59.21(3). Hence G is conjugate to a linear

subgroup of S
p
 and G is solvable by Theorem 59.24.       

For the sake of completeness, we prove Galois' theorem stating that a

polynomial equation of prime degree is solvable by radicals if and only

if "all roots can be expressed rationally in terms of any two of them."

59.26 Theorem: Let K be a field of characteristic 0 and let f(x) be an

irreducible polynomial of prime degree p in K[x]. The equation f(x) = 0 is

solvable by radicals if and only if, for any two distinct roots a,b of f(x),

K(a,b) is a splitting field of f(x) over K.

Proof: 
.
Let E be a splitting field of f(x) over K and G the Galois group of

f(x). Then E is a Galois extension of K (Theorem 55.7)
.
 and G is a

transitive subgroup of S
p
 (Theorem 56.17). Let a,b be two distinct roots

of f(x) and let J = K(a.b)´ be the subgroup of G corresponding to it.  
.

   E 1

      K(a.b) J

   K G

J is the subgroup of G consisting precisely of the permutations of the

roots fixing a and b. Now we have the is equivalences

E = K(a.b) J = 1

1 is the only permutation in G fixing a and b
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G is a solvable subgroup of S
p

the equation f(x) = 0 is solvable by radicals.

This completes the proof.       

*

* *

In this part, we give algebraic formulas for the roots of polynomials of

degree two, three and four. For the sake of generality, we assume the

coefficients are indeterminates, but, as will be clear from the arguments,

the formulas are valid if the coefficients are taken from the base field.

59.27 Theorem: Let K be a field with char K  2 and let a,b be

indeterminates over K so that

g(x) = x2  ax + b

is the general polynomial of degree two over K. Then the roots r1,r2 of

g(x) are given by

r1 = 
a+ D

2  , r2 =  
a D

2
 ,

where D = a2  4b.

Proof: The discriminant D of g(x) is (r1  r2)
2 = (r1 + r2)

2  4r1r2 = a2  4b.

Hence r1 + r2 = a and r1  r2 =  D . Solving this system of linear equations

for r1,r2, we find

r1 = 
a+ D

2  , r2 =  
a D

2
       

In particular, the cubic roots of unity, which are the roots of the poly-

nomial x2 + x + 1,  are given by 1 = ( 1 + 3)/2,  2 = ( 1  3)/2. This

will be used in the next theorem.
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59.28 Theorem: Let K be a field with char K  2,3 and assume that K

contains a primitive cube root of unity, say . Let a,b,c be distinct

indeterminates over K and let

g(x) = x3  ax2 + bx  c

be the general cubic polynomial over K. Then the roots r1,r2,r3 of g(x) are

given by

r1 = 
1
3
 (a + u + v) r2 = 

1
3
 (a + 2u + v) r2 = 

1
3
 (a + u + 2v),

where u = 
3

a3   
9
2
 ab + 

27
2  

c + 
3
2
  3D

v = 
3

a3   
9
2
 ab + 

27
2  

c   
3
2
  3D

are such that uv = a2  3b  and D = 
4
27

 (a2  3b)3  
1
27

 (2a3  9ab + 27c)2.

Proof: Let E = K(r1,r2,r3) be a splitting field of g(x) over L=  K(a,b,c). Then

E is a Galois extension of L and the Galois group Aut
L
E of g(x) is S3

(Theorem 59.17). Since S3 is transitive, g(x) is irreducible over L, and

char K  3 implies that the derivative of g(x) is not zero,. so g(x) has no

common root with its derivative and the roots r1,r2,r3 are distinct. Under

the Galois correspondence, the alternating group A3 corresponds the

subfield L( ) of E, where  = (r1  r2)(r1  r3)(r2  r3) is the square root of

the discriminant of g(x) (Theorem 56.18, Theorem 56.19).     .

Let D be the discriminant of g(x). We evaluate D. Observe that  r1  (a/3),

r2  (a/3),r3  (a/3) are the roots of g(x + (a/3)), so the root differences

and the discriminant of g(x) are the same as those of g(x + (a/3)). One

obtains easily g(x + (a/3)) = x3 + px + q, where p = (3b  a2)/3 and

q = ( 2a3 + 9ab  27c)/27. Then D = 4p3  27q2 is computed to be

 
4
27

 (a2  3b)3  
1
27

 (2a3  9ab + 27c)2

(Example 56.10(b)).

E 1

3
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  L( ) = L( D) A3

2
L S3

Now E is a cyclic extension of L( D), because E is Galois over L( D)

(Theorem 54.25(1)) and its Galois group A3 is cyclic of order 3. Thus E is

obtained by adjoining a root u of a polynomial x3  h  L( D)[x] to L( D)
(Theorem 57.11). A generator  of A3 maps as follows

r1  r2,  r2  r3, r3  r1;

u  u, u  2u,  2u  u.

An examination of the proof of Theorem 57.11 reveals that u should be

taken as a nonzero element of the form d + ( )d  + ( )( 2)d 2,

with d  E. So we must find a d  E such that d + d  + 2d 2  0. We

choose d = r1. So let u = r1 + r2 + 2r3. Similarly we put v = r1 + 2r2 + r3.

We already know u3  L( D). We now evaluate it. We have

u3 = (r1 + r2 + 2r3)
3 = r1

3 + r2
3 + r3

3 + 3 A + 3 2B + 6r1r2r3,

(1)

where we put A = r1
2r2 + r2

2r3 + r3
2r1 and B = r1r2

2 + r2r3
2 + r3r1

2 for

shortness. The method of §38 gives

r1
3 + r2

3 + r3
3 = (r1 + r2 + r3)

3  3(A + B)  6r1r2r3,

and  A + B = r1
2r2 + r2

2r3 + r3
2r1 + r1r2

2 + r2r3
2 + r3r1

2

= (r1 + r2 + r3)(r1r2 + r1r3 + r2r3)  3r1r2r3 = ab  3c,

        A  B = r1
2r2 + r2

2r3 + r3
2r1  r1r2

2  r2r3
2  r3r1

2

= (r1  r2)(r1  r3)(r2  r3) = D,

so (1) becomes

    u3 = [(r1 + r2 + r3)
3  3[(

ab 3c+ D
2

) + (
ab 3c D

2
)]  6r1r2r3]

+ 3(
1+ 3

2
)(

ab 3c+ D
2

)+ 3(
1 3

2
)(

ab 3c D
2

) + 6r1r2r3
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= a3  
9
2

 ab + 
27
2  c + 

3
2

 3D

and a similar calculation yields

    v3 = a3  
9
2

 ab + 
27
2  c  

3
2

 3D.

So u and v are cube roots of the expressions found above. But there are

three cube roots of these expressions, and we must decide which cube

roots we should take. This is found from

   uv = (r1 + r2 + 2r3)(r1 + 2r2 + r3) = a1
2 + a2

2 + a3
2  a1a2  a1a3  a2a3

= a2  3b.

The cube roots must be therefore so chosen that their product will be

equal to a2  3b. If

u = 
3

a3   
9
2
 ab + 

27
2  

c + 
3
2
  3D

v = 
3

a3   
9
2
 ab + 

27
2  

c   
3
2
  3D

are denote cube roots with this property, then, solving the equations

a = r1 +   r2 +    r3
u = r1 + r2 + 2r3
v = r1 + 2r2 + r3

for r1,r2,r3, we get

r1 = 
1
3
 (a + u + v) r2 = 

1
3
 (a + 2u + v) r2 = 

1
3
 (a + u + 2v),

as was to be proved.       

A remarkable fact is that, if f(x)  [x] has three real roots, then the

roots of f(x) cannot be expessed in terms of real radicals. We want to

dicsuss this matter. We need an elementary lemma.
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59.29 Lemma: Let K be a field, a  K and p a prime number. Assume

char K  p. If xp  a  K[x] is reducible in K[x], then a = cpfor some c  K.

Proof: In a splitting field of xp  a over K, we have the decomposition

xp  a = ∏
k=0

p 1
 (x  ku)

where u is a root of xp  a and  is a primitive p-th root of unity. If xp  a

is reducible in K[x] and f(x)  K[x] is a factor of xp  a with 1  deg f(x)

 p, then f(x) is a product of some of the x  ku, and the constant term

( 1)hb0 of f(x) is ( 1)h muh for some m  , where h = deg f(x). So b0 =

uh for some p-th root of unity, so b0
p = uph = ah and, since (h,p) = 1,

there are integers k,n satisfying kh + np = 1. Thus a = akhanp = (b0
p)kanp =

(b0
kan)p and b0

kan  K.       

59.30 Lemma: Let K be a subfield of  and f(x) an irreducible cubic

polynomial in K[x]. Let S be a splitting field of f(x) over K. If f(x) has

three distinct real roots, then there is no radical extension R of K such

that S  R  .

Proof: Let r1,r2,r3 be the roots and D = (r1  r2)
2(r1  r3)

2(r2  r3)
2 the dis-

criminant of f(x). Then D is a positive real number. Put K1 = K( D)  .

Clearly K1 is a subfield of S. We may assume that f(x) is monic.

Suppose, by way of contradiction,. there is a radical extension R of K with

S  R  . Then RK1 is a radical extension of K1 (Lemma 59.4). So there is

a finite chain of fields.

K1  K2  . . .   K
n 1  K

n
 = RK1

such that K
i
 = K

i 1(ui
) for some root u

i
 of a polynomial of the form xmi  a

i

in K
i 1[x] (i  = 2,3,. . . ,n). We may assume m

i
 are prime numbers. Moreover,

after deleting redundant fields, we may assume u
i
  K

i 1. Thus we

assume m
i
 are prime, u

i
mi  K

i 1 and u
i
  K

i 1. Then xmi  u
i
mi  K

i 1[x] is

irreducible in K
i 1[x], for otherwise we had u

i
mi = cmi for some c  K

i 1

(Lemma 59.29) and u
i
/c, which is distinct from 1 in view of u

i
  K

i 1,

would be a primitive m
i
-th root of unity, so u

i
/c  K

i 1   would be

complex number with nonzero imaginary part, a contradiction. Therefore
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xmi  u
i
mi  K

i 1[x] is irreducible over K
i 1 and is in fact the minimal poly-

nomial of u
i
  K

i
 over K

i 1. This gives K
i
:K

i 1  = m
i
.

f(x) is irreducible in K1[x], for f(x) is the minimal polynomial of any of its

roots over K and if r1, say, were in K1, then 2 = K1:K  = K1:K(r1) K(r1):K

would be divisible by K(r1):K  = deg f(x) = 3, which is nonsense. Now S is

a splitting field of f(x) over K1 (Example 53.5(e)) and since D   K1, the

Galois group Aut
K1

S is isomorphic to A3. (Theorem 56.21).

On the other hand, the roots of f(x) are in S  R  RK1 and f(x) is

reducible over RK1 = K
n
. Let K

i
 be the field in the chain above where f(x)

becomes reducible,. that is to say, let i   {2, . . . ,n} be such that f(x) is

irreducible over K
i 1 and reducible over K

i
 = K

i 1(ui
). Then there is a root

of f(x) in K
i
, say r1  K

i
 and, as above, f(x) is the minimal polynomial of r1

over K
i 1, so the prime number m

i
 = K

i
:K

i 1  = K
i
:K

i 1(r1)  K
i 1(r1):K

i 1  is

divisible by K
i 1(r1):K

i 1  = deg f(x) = 3 and so m
i
 = 3. Thus K

i
 is an

extension of K
i 1 containing the root r1 of f(x).

Let N be a splitting field of f(x) over K
i 1. Then N/K

i 1 is a Galois exten-

sion (Theorem 55.7) and since D   K
i 1, the Galois group Aut

K i-1
N is iso-

morphic to A3 (Theorem 56.21). So N:K
i 1  = Aut

K i-1
N  = 3. From r1  K

i 1

and r1  N  K
i
, we get K

i 1  N  K
i
  N and degree considerations force

N  K
i
 = N, so N  K

i
 and as N:K

i 1  = 3 = K
i
:K

i 1 , we deduce N = K
i
.

Theorem 55.10 yields now that K
i
 is normal over K

i 1 and since the irre-

ducible polynomial xmi  a
i
 in K

i 1[x] has a root u
i
 in K

i
, the other roots u

i

and u
i

2 of xmi  a
i
 are in K

i
, so  = u

i
/u

i
  K

i
. This contradicts K

i
  .

Thus there can be no radical extension R of K such that S  R  .       

59.31 Theorem: Let K be a field with char K  2,3 and assume that K

contains a primitive cube root of unity. Let a,b,c,d be distinct

indeterminates over K and let

g(x) = x4  ax3  bx2 + cx  d

be the general cubic polynomial over K. Then the roots r1,r2,r3,r4 of g(x)

are given by
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      r1 = 
1
4
 (a + u + v + y)

      r2 = 
1
4
 (a + u  v  y)

      r3 = 
1
4
 (a  u + v  y)

      r4 = 
1
4
 (a  u  v + y),

where u = a2  4   4 , v = a2  4   4 , y = a2  4   4 ,

, ,  are the roots of x3  bx2 + (ac  4d)x  (a2d  4bd + c2) and the

square roots are subject to the condition

u v y = a3 + 4ab  8c. 

Proof: Let r1,r2,r3,r4 be the roots of g(x) and let  = r1r2 + r3r4,

 = r1r3 + r2r4,  = r1r4 + r2r3,. Then , ,  are the roots of the resolvent

cubic

x3  bx2 + (ac  4d)x  (a2d  4bd + c2)

and the Galois group of g(x), regarded as a polynomial in K( , , ) is V4

(Theorem 56.23, Theorem 59.17, Lemma 56.25).. We can solve for , ,

in terms of radicals by the method of Theorem 59.28. As V4  = 4, we can

find the roots r1,r2,r3,r4 by introducing two square roots. For this

purpose, we put

u = (r1 + r2  r3  r4)
2

v = (r1  r2 + r3  r4)
2

y = (r1  r2  r3 + r4)
2.

An easy computation gives

u = a2  4   4 ; v = a2  4   4 ; y = a2  4   4

and (r1 + r2  r3  r4)(r1  r2 + r3  r4)(r1  r2  r3 + r4) is a symmetric poly-

nomial in the roots r1,r2,r3,r4, found easily to be  a3 + 4ab  8c. Hence we

have

     a = r1 + r2 + r3 + r4
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   u =  r1 + r2  r3  r4
   v =  r1  r2 + r3  r4
   y =  r1  r2  r3 + r4,

provided we choose the square roots in such a way that u v y

= a3 + 4ab  8c. Solving this system of linear equations, we find

 r1 = 
1
4
 (a + u + v + y),  r2 = 

1
4
 (a + u  v  y),

r3 = 
1
4
 (a  u + v  y),    r4 = 

1
4
 (a  u  v + y).       

 *

* *

In this part, we settle some famous problems.

A real number a will be called constructible if it is possible to draw a

line segment of length a  using ruler and compass only in a finite

number of steps. Thus "constructible" means "constructible by ruler and

compass". Similarly, "to draw" will mean "to draw using ruler and

compass only". Each step in a ruler and compass construction is one of

the following types:

(i) finding the intersection point of two straight lines;

(ii) finding the intersection points of two circles;

(iii) finding the intersection points of a straight line and a circle.

From elementary geometry, it is known that, for any given line l  and a

given P, we can draw a line through P parallel to l and also a line

through P perpendicular to l .

We draw two perpendicular lines and regard them as coordinate axes.

Then we fix a unit length. Then we can draw line segments on the

coordinate axes with integral length. Since we can draw lines parallel

and/or perpendicular to the axes, we can locate all points in the

Euclidean plane with integer coordinates as intersection of lines paralel

to the axes.
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After the introduction of a coordinate system on the plane, we see that a

real number a  0 is constructible if and only if the line segment

[0,a]  {0} or {0}  [0,a] is constructible. (Closed intervals. Here [0,a] is to

be read as [a,0] when a  0.)

Assume a and b are constructible. Then a + b and a  b are constructible,

too. In addition, we can draw the line through (a,0) parallel to the line

segment joining (0,b) and (1,0), which intersects the y-axis at (0,ab).

Also, if b  0, we can draw the line through (0,1) parallel to the line

segment joining (0,b) and (a,0), which intersects the y-axis at (0,a/b).

Thus a + b, a  b, ab and a/b are constructible whenever a and b are

constructible (b  0 in case of division). Thus the constructible real

numbers form a subfield of . In particular, all rational numbers are

constructible, for  is the prime subfield of the field of constructible real

numbers.

A point (a,b) is said to be constructible if both a and b are constructible.

This is the case if and only if (a,b) can be determined by a finite

sequence of ruler and compass constructions starting from points with

integer coordinates. Hence all points with rational coordinates are

constructible.

In order to determine which numbers are constructible, i.e., in order to

determine the coordinates of constructible points, we must examine

what type of points arise after each of the ruler and compass

construction steps (i),(ii),(iii). It will be convenient to introduce some

terminology.

If K is a subfield of real numbers, a point (a,b) in the plane is  called a K-

point if both a and b are elements of K. A straight line through two

distinct K-points is called a K-line.  A circle whose center is an K-point

and whose radius is an element of K is called a K-circle.

A K-line l has an equation of the form ax + by + c = 0,. where a,b,c  K,

for if l  is the straight line through the K-points (x0,y0) and (x1,y1), then l

has the equation (y1  y0)x + (x0  x1)y + (x1y0  y1x0) = 0. A K-circle C has

an equation of the form x2 + y2 + ax + by + c = 0,. where a,b,c  K, for if

the center of C is the K-point (x0,y0) and the radius of C is the K-number

r, then C has the equation x2 + y2 + ( 2x0)x + ( 2y0)y + (x0
2 + y0

2  r2) = 0.
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Now let K be a subfield of . We determine the nature of intersection

points of two K-two straight lines and/or K-circles that arise as a result

of one of the steps (i),(ii),(iii).

If l  and m are K-lines, say with equations ax + by + c = 0 and dx + ey + f =

0,  where a,b,c,d,e,f  K, then l  and m intersect if and only if ae  bd  0

and their point of intersection can be found, on solving the system of

linear equations

ax + by = c 

dx + ey = f 

for x,y by Cramer's rule, to be the K-point (( ce + bf)/(ae  bd),  ( af +

cd)/(ae  bd)) (Theorem 45.2). Thus two K-lines intersect (if at all) at a

K-point.

Let C be a K-circle and l  a K-line, with equations x2 + y2 + ax + by + c = 0

and dx + ey + f = 0, say, where a,b,c,d,e,f  K. We find the intersection

points (x,y) of of C and l . Here d,e cannot both be 0, for then the equation

dx + ey + f = 0 would not represent a straight line. In case d = 0, we have

e  0 and y = f/e, so x2 + ( f/e)2 + ax + b( f/e) + c = 0, giving Ax2 + Bx + E

= 0, with A,B,E  K. Hence the x-coordinate of an intersection point of C

and l  is a root of a quadratic polynomial over K. Let D be the discriminant

of this polynomial. Either D  0 and this polynomial has no real roots, so

C and l  do not intersect; or D  0 and it has two (possibly equal) roots

x1,x2 in the field K( D), so C and l  intersect at two K( D)-points (x1, f/e),

(x2, f/e). In case d  0, we put g = e/d, h = f/d and use the equation x =

gy + h of l . Here g,h  K. Now (gy + h)2 + y2 + a(gy + h) + by + c = 0 gives

Ay2 + By + E = 0, with A,B,E  K (not the same A,B,E as above). Hence the

y-coordinate of an intersection point of C and l  is a root of a quadratic

polynomial over K. Let D be the discriminant of this polynomial. Either D

 0 and this polynomial has no real roots, so C and l  do not intersect; or

D  0 and it has two (possibly equal) real roots y1,y2 in the field K( D),

so C and l  intersect at two (possibly identical) K( D)-points (gy1 + h, y1),

(gy2 + h, y2).

Let C1,C2 be K-circles, say with equations x2 + y2 + ax + by + c = 0 and

x2 + y2 + dx + ey + f = 0, where a,b,c,d,e,f  K. .Then the intersection

points of C1 and C2 are the same as the intersection points of C1 and the

K-line (a  d)x + (b  e)y + c = 0. Thus either C1,C2 do not intersect or they

intersect at two (possibly identical) K( D)-points, where D  K.
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So each step in a ruler and compass construction gives rise to a K-point

or a K( D)-point for some D  K, if K denotes the field of lines/circles

used in that step.

A real number a is constructible if and only if the point (a,0) is

constructible, hence if and only if the point (a,0) can be obtained as a

result of a finite sequence of the steps (i),(ii),(iii) beginning with points

having rational coordinates. Thus a is constructible if and only if there is

a finite chain of fields

 = K0  K1  K2  . . .   K
n 1  K

n

such that K
i
 = K

i 1( D
i
) for some D

i
  K

i
 and a  K

n
. Here K

i
:K

i 1  = 1 or 2

according as D
i
  is or is not in K

i 1; hence K
n
:  is a power of two.

Moreover a  K
n
, so   (a)  K

n
 and (a): , being a divisor of K

n
: ,

is also a power of two. Thus a is algebraic over  and the degree of a is a

power of two. We proved the following theorem.

59.32 Theorem: If a real number a is constructible, then a is algebraic

over  and the degree of a over  is a power of two.       

The converse of Theorem 59.32 is also true. See Ex. 10. We are now in a

position to resolve some famous construction problems. The first one is

the construction of a cube whose volume is twice the volume of a given

cube (duplication of a cube). Choosing the length of a side of the given

cube as unit length, the side of the cube to be constructed has length 
3

2.

Thus the problem is to construct the real number 
3

2. Its minimal

polynomial is x3  2, since this polynomial is irreducible over  by

Eisenstein's criterion. Thus 
3

2 is algebraic over , but its degree over 

is three, not a power of two. Hence 
3

2 cannot be constructed: it is

impossible to duplicate a cube by ruler and compass alone.

The second problem is to divide a given angle into three equal parts

(trisection of an angle). An angle of  radians is the circular arc of lenth

 on the unit circle, which we may assume to issue from the point (1,0)
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and terminate at the point (cos , sin ). It is constructible if and only if

(cos , sin ) is constructible. In view of sin  = 1   (cos  )2, we see

that an angle of  radians is constructible if and only if cos  is

constructible. The problem is thus equivalent to: given cos , construct

cos ( /3). From the trigonometric identity

cos 3  = 4cos3   3cos ,

we get, on writing a for cos , the polynomial equation

4x3  3x  a = 0

for cos ( /3). The polynomial 4x3  3x  a  (a)[x], where a is an inde-

terminate over , is known as the angle trisection polynomial. It is

irreducible over (a): to prove this, it will be sufficient to prove that it

is irreducible over [a] (Lemma 34.11); but 4x3  3x  a  [a][x] =

[x][a] is certainly irreducible in [x][a], because it of degree one in a

and its coefficients (4x3  3x), 1  [x] are relatively prime in [x]. So

the angle trisection polynomial is irreducible over (a). The general

trisection problem is whether it is possible to construct a root of

4x3  3x  a = 0,   a = cos 

in such a way that the construction remains valid when a is treated as

an indeterminate. Since a root of the angle trisection polynomial has

degree three over (a), the answer is negative: it is impossible to trisect

an arbitrary angle by ruler and compass alone. This does not mean of

course that no specific angle can be trisected. On the contrary, there are

angles like 90° that can very well be trisected.

The third problem is to draw a square whose area is the area of a given

circle (squaring the circle). Choosing the radius of the given circle as unit

length, the side of the square to be constructed has length . Thus the

problem is to construct the real number . But  and all the more so 

are not algebraic over  (Example 49.8(d)), let alone be of degree a

power of two. Hence  cannot be constructed: it is impossible to square

the circle by ruler and compass alone.

The final problem is to draw a regular n-gon. This is the same problem

as dividing the circle into n equal parts. Thus we are to divide the angle

of 2  radians into n equal parts, which means we are to construct the
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number cos (2 /n). Now cos (2 /n) = 
 +  1

2
  , where  = e2 i/n   is

a primitive n-th root of unity. The field (cos (2 /n)) is fixed only by

the automorphisms    and   1 in the Galois group of the

cyclotomic extension ( )/ , which is Galois and of degree (n) over 

(Theorem 58.12). So (cos (2 /n)) is an intermediate field of ( )/

satisfying ( ): (cos (2 /n))  = { , 1}  = 2. Thus (cos (2 /n)):  =

(n)/2. Hence, if cos (2 /n) is constructible, then (n)/2 and

consequently also (n) is a power of two. Let n = 2a0p1
a1p2

a2. . . p
r
ar be the

canonical decomposition of n into prime numbers, but possibly with a0 =

0. Then

(n) = 2a0 1p1
a1 1p2

a2 1. . . p
r
ar 1(p1  1)(p2  1). . . (p

r
  1)

(the term 2a0 1 is to be deleted in case a0 = 1) and (n) is a power of two

if and only if a1 = a2 = . . .  = a
r
 = 1 and p

i
 = 2ki + 1 for some k

i
  . Here k

i

cannot be divisible by an odd number t, for otherwise 2t + 1 would

divide the prime number 2ki + 1. Hence k
i
 is a power of two, say k

i
 = 2mi.

Thus p
i
 = 22m

 + 1. Prime numbers of the form 22m
 + 1 are called Fermat

primes. It is easily verified that 22m
 + 1 is prime when m = 0,1,2,3,4, but

225
 + 1 is not prime (it is divisible by 641). It is not known whether

there are infinitely or finitely many Fermat primes. In fact, numbers 22
m

+ 1 are known to be prime only in the cases m = 0,1,2,3,4. We obtain: if a

regular n-gon is constructible, then n has the form n = 2a0p1p2. . . p
r
,

where p
i
 are distinct Fermat primes.

Exercises

1. Let K be a field and define an extension E of K to be a radical
extension of K if E is separable over K and there are elements u1,u2, . . . ,u

n

in E such that E = K(u1,u2, . . . ,u
n
) and one of the following is true:

(i) u
i
 is a root of a polynomial of the form xhi  a

i
 over K(u1, . . . ,u

i 1),

where either char K = 0 or char K = p  0 and p is relatively prime  to h
i
;

(ii) u
i
 is a root of polynomial of the form xp  x  a

i
 over

K(u1, . . . ,u
i 1), where p = char K  0.
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Prove that Theorem 59.8, Theorem 59.9, Theorem 59.10 and Theorem

59.11 remain valid with this new definition of radical extensions.

2. Let K be a field and define an extension E of K to be a radical
extension of K if there are elements u1,u2, . . . ,u

n
 in E such that

E = K(u1,u2, . . . ,u
n
) and one of the following is true:

(i) u
i
 is a root of a polynomial of the form xhi  a

i
 over K(u1, . . . ,u

i 1),

(ii) u
i
 is a root of polynomial of the form xp  x  a

i
 over

K(u1, . . . ,u
i 1), where p = char K  0.

Prove that Theorem 59.8 remains valid with this new definition of

radical extensions if we assume E is normal over K. Discuss Theorem

59.9, Theorem 59.10 and Theorem 59.11.

3. Let K be a field, f(x)  K[x] an irreducible polynomial of degree n  5,

E a splitting field of f(x) over K and r a root of f(x) in E. Assume that
Aut

K
E  S5. Prove the following assertions.

(i) K(r) is not a Galois extension of K.

(ii) K(r):K  = n.
(iii) Aut

K
K(r)  1.

(iv) If N is a normal closure of K over K(r), then there is a subfield

of N isomorphic to E.

(v) There is no radical extension R of K such that K  K(r)  R.

(This exercise shows the hypothesis that E be Galois over K is indespens-

able in Theorem 59.8.)

4. Prove that S5 and A5 are the only nonsolvable transitive subgroups of

S5. (Hint: Assume  = (12345) is in such a subgroup G of S5. There is a

transposition or a 3-cycle in G. In the first case,. G contains all transposi-

tions and G = S5. In the second case, with  a 3-cycle in G, we have  

and there are 52 even permutations in G and A5  G.)

5. Let f(x)  [x] be an irreducible polynomial of degree 5.. Show that, if

f(x) has three real and two complex conjugate roots,. then the Galois

group f(x) is S5. (Hint: Use Ex. 1 and the discriminant.)

6. Find five irreducible polynomials in [x] whose Galois groups are S5.

7. Show that 
3

2+ 121 + 
3

2 121  = 4  (Raffael Bombelli (ca. 1520-

1572)).
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8. Let K be a subfield of  and let f(x) be a cubic polynomial in K[x]. Let

D be the discriminant of f(x). Prove that

(a) D  0 if and only if f(x) has three real distinct roots;

(b) D  0 if and only if f(x) has one real and two complex conjugate

roots;

(c) D = 0 if and only if f(x) has three real roots, one of which is

repeated.

9. Let K be a subfield of  and let f(x) be an irreducible polynomial in

K[x] such that K(a) is a splitting field over K of f(x), for any root a of f(x).

Show that there is no splitting field of f(x) over K and a radical extension

R of K satisfying S  R  .

10. Prove the converse of Theorem 59.32.
.
 (Hint: Show that, if the degree

of K
n
 over  is a power of two, so is the degree over  of the normal

closure of  over K
n
. Use Galois correspondence and Ex. 12 in §26.)

11. Prove that the angle 90° can and the angle 60° cannot be trisected

by ruler and compass alone.

12. Show that, if n has the form n = 2a0p1p2. . . p
r
, where p

i
 are distinct

Fermat primes, then a regular n-gon is constructible by ruler and

compass alone.
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