Solutions to Problem Session Questions

Problem: (3.3) Let f : A — B be a function. Prove that f is one-to-one
if and only if f(A1) N f(As) = f(A1 N As) for any subsets Ay, As of A.

We know from Ex. 2 that f(A; N As) C f(A1) N f(Az2). The claim amounts
to showing that f is one-to-one if and only if f(A41) N f(A2) C f(A; N Ay) for any
subsets A1, Ay of A.

Assume that f is one-to-one. Let Ay, Ao be arbitrary subsets of A. If b €
f(A1) N f(As), then b = f(ay) for some a; € A7 and b = f(ag) for some as € A,.
Since f(a1) = b = f(az) and f is one-to-one, a; = ag, so a; € Ay N As, so
b= f(a1) € f(A1 N Ag). This proves that f(A1) N f(A2) C f(A1 N Ay).

Assume that f(A1)Nf(A2) C f(A1NAs) for any subsets Ay, Ay of A. If a; # as
are two distinct elements of A, then {f(a1)} N {f(a2)} = f({a1}) N f({az}) C
f{a1} N{az}) = f(@) = @, so f(a1) # f(az). This proves that f is one-to-one.

Problem: (7.2) For which m € N is Z,, \ {0} a group under multiplication?

If m =1, then Z,,, = Z; = {0}, so Z,, \ {0} = @ and Z,, \ {0} cannot be a
group.

If m > 1 and m is composite, there are integers a, b satisfying 1 < a < m,
1 <b<mand ab=m. In Z,,, these conditions may be written as @ # 0, b # 0
and ab = 0. Equivalently, @ € Z,, \ {0}, b € Z,, \ {0} and ab ¢ Z,, \ {0}. Thus
Zm \ {0} is not closed under multiplication and Z,, \ {0} cannot be a group.

The only remaining possibility is that m is a prime number. Suppose that m
is prime. Let’s check whether Z,, \ {0} is a group in this case.

(i) For any integers a, b, Euclid’s lemma (Lemma 5.15) says that m | ab implies
m | a or m | b (because m is prime). Equivalently, if m { a and m { b, then m 1 ab.
Stated differently, in Z,, \ {0}, if @ # 0 and b # 0, then ab # 0. Hence Z,, \ {0} is
closed under multiplication.

(i) Multiplication in Z,, \ {0} is associative by Lemma 6.4(7).
(iii) There is 1 € Z,, \ {0} and a- 1 = @ for all @ € Z,, \ {0}, so 1 is a right
identity in Z,, \ {0}.

(iv) Let a € Z with @ # 0. Then a is relatively prime to m and, by Lemma 6.4(9),
there is an T € Z,, with az = 1. So every @ in Z,, \ {0} has a right inverse T in Z,,.
But in fact Z € Z,, \ {0}, for otherwise we would have £ =0 and 1 = az =a0 =0
by Lemma 6.4(12), yielding the contradiction m | 1. Thus every a in Z,, \ {0} has
a right inverse in Z,, \ {0}.

It follows that Z,, \ {0} is a group if m is a prime number.

Hence Z,, \{0} a group under multiplication if and only if m is a prime number.

Problem: (8.1) Let G be a group such that a®> =1 for all a € G. Prove that G is
commutative.



By hypothesis, for any a, b € G, we have a? =1, b> = 1 and (ab)? = 1. Hence

1 = (ab)? = abab
a = a - abab = a*bab = bab

ba =b - bab = b’ab = ab
for all a, b € G and G is commutative.

Problem: (9.3) Let M := {a € Sjp3) : O = 0 or la = 1}. Is M a subgroup
of S[O,l] ?

Consider the functions a and 3 in S} ) defined by

x ifx #1/2, ¢ #1, x ife#£1/2,x#0,
ra=11/2 iftr=1, zB=41/2 ifz=0,
1 ifr=1/2, 0 ifzx=1/2.

Then O = 0, so a € M; and 18 =1, s0 f € M. But 0af = 08 = 1/2 # 0 and
laf = (1/2) =0# 1, s0 aff ¢ M. Thus M is not closed under composition of
functions and M is not a subgroup of Sjg 1.

Problem: (9.4) Let L := {1,2,4,5,7,8} C Zg. Show that L is a group under
multiplication. Find all subgroups of L. Do the orders of the subgroups divide the
order |L| =6 of L?

Let’s make a multiplication table:

11214578
1111214578
21214 (81|57
41418712 1]5
S5 |1 |2]|7|8]|4
TIT7TI5 18142
818|754 2]1

and check the group axioms. [When this problem was assigned, we did not know
that Z) is a group.|

(i) The table consists of 1, 2, 4, 5, 7, 8, so L is closed under multiplication.

(ii) Multiplication in L C Zg is associative by Lemma 6.4(7).

(iii) The column of 1 € L is identical with the column of the names (below the
sign -), i.e., al = a for all @ € L. Thus 1 is a right identity in L.

(iv) The element 1 appears in every row, i.e., for each a € L, there is a right
inverse x € L satisfying ax = 1. Thus every element of L has a right inverse.
Hence L is indeed a group under multiplication.

Now let’s find the subgroup of L. Since L is finite, they are the multiplicaticely
closed subsets of L. In particular, if a is in a subgroup, then all the powers of a
will be in the same subgroup. Let’s write down powers of the elements of L.
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Let H be a nontrivial subgroup of L. So there is an @ # 1 in H. We can make
some observations here.

e [f2c Hor5€ H,then L C H,so H=1L.

e Assume 2 ¢ H and 5 ¢ H. Then both 4 and 8 cannot be in H, similarly
both 7 and 8 cannot be in H, because 4-8=5¢ Hand 7-8=2¢ H.

—If4 € Hor7¢€ H, then {1,4,7} C H. Also 8 ¢ H, so the group H
must be the set {1,4,7}. Since {1,4,7} is multiplicatively closed, it is
indeed a group and we have H = {1,4,7}.

— If4¢ Hand 7 ¢ H, then 8 € H, so the group H must be the set {1, 8}.
Since {1, 8} is multiplicatively closed, it is indeed a group and we have
H = {1,8}.

Hence all the subgroups of L are {1}, {1,8}, {1,4,7}, {1,2,4,5,7,8}. [This is how
you could answer this question at the time of its assignment. Today you have a
complete description of subgroups of a cyclic group and you can answer this and
similar questions much more shortly.]

The order of any subgroup of L is one of the numbers 1, 2, 3, 6, so it is a divisor
of 6. [Today, we would obtain it by a reference to Lagrange’s theorem.]

Problem: (9.5) Let G be a group and H < G, K < G. Show that H U K is not a
subgroup of G unless HUK = K or HUK = H.

Let’s prove the contrapositive of this assertion. So if H ¢ K and K € H, then
we are to prove that U := H U K is not a subgroup of G.

Suppose K € H and H K and U < G. Then there is a k € K \ H and an
h € H\ K. This hk cannot be an element of H, for otherwise k = h~1(hk) would
be in H, contrary to the choice of k. In the same manner, hk cannot be an element
of K, for otherwise h = (hk)k~! would be in K, contrary to the choice of h. We
see that kh ¢ H and kh ¢ K, so hk ¢ U. But h € U, k € U and, by hypothesis, U
is a subgroup of G and U is closed under multiplication, so hk € U. We obtained
the contradiction hk ¢ U and hk € U. This contradiction shows that, if H ¢ K
and K ¢ H, then HUK £ @G.

Problem: (9.7) Let G be a group and let a be a fixed element of G. Determine
whether the subset C':= {g € G : ga = ag} of G is a subgroup of G.

Since la = a = al, we have 1 € C, so C' # @. Now we can use the subgroup
criterion.

(i) Let g, h € C. Then ga = ag and ha = ah, so (gh)a = g(ha) = g(ah) =
(ga)h = (ag)h = a(gh) and gh € C. Thus C is closed under multiplication.
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(ii) Let g € C. Then ga = ag, so we have

g 'ga=g"ag

a = g_lag
ag”' =g tagg™!
ag*1 = gfla

1 1

and g~'a =ag™!, so g7! € C. Thus C is closed under the forming of inverses.
It follows that C' is a subgroup of G.

Problem: (10.4) Why don’t we use the “mapping” R — L, Ha +— aH in the
proof of the assertion that |R| = |L|?

This “mapping” need not be a mapping at all. It is not necessarily well-defined.
It is well-defined if and only if Ha = Hb implies aH = bH, so if and only if
ab=! € H implies b='a € H (for all a, b € G). Equivalently, it is well-defined
if and only if ab € H implies ba € H (for all a, b € G). In a non-commutative
group G, this implication is not necessarily true.

Problem: (12.2) Construct the multiplication tables of Z)* for n = 2, 4, 6, 10, 12.

1131719 : 1|15 |7 |11

T 113 {51113 ]|7]9 1 115 |7 |11
11 111311533 |9]|1]|7 5 | 5|1 |11} 7
33|15 |5|1{|7]7|1[9]3 T 7|11 1|5
91973111 (11| 7|5 |1

Problem: (12.6) Find the order of 3 in Z§ , Ziy, L3y, Ly

In Zg . The first few powers of 3 are 31 =3+£1,32=9=1, so 2 is the least
positive integer s with 3° =1, so 0(3) = 2.

In Z. The first few powers of 3are 31 =3 #1,32 =9# 1,3 =27 =11 # 1,
3*=11-3 =33 =1, so 4 is the least positive integer s with 3° =1, so o(3) = 4.

In Z3,. The first few powers of 3 are, hmmm, 31 =3#1,3%2 =9 #£ 1,
33 =27T#1,3"=81=17#1,3>=173=51=19#1,36 =193 =57=25# 1,
hmmm, this is too much work. Do I have to carry out so many computations?
In any case, I know that o(3) | |Z35] = ¢(32) = 16, so o(3) is one of the divisors
1, 2, 4, 8, 16 of 16. Computing 33, 3°, 3% was redundant. Fortunately, I noticed
this before making further unnecessary computations with 37, 3%, 3'° and so on.
I computed above that 3' # 1, 32 # 1, 3* # 1. So there remains 3% and 3'6 to
consider. Since 3% = (3*)2 = 17?2 = 289 = —31 = 1, I see that 8 is the least
positive integer s with 3° =1, so 0(3) = 8.

In Zg,. Now I'll be more careful and more clever than before. I know that
o(3) | |1Zg,] = »(64) = 32, so o(3) is one of the divisors 1, 2, 4, 8, 16, 32 of 32.
Besides, from the previous calculations, I know that 3 £ 1 (mod 32), all the more
so 3* #Z 1 (mod 64), so 0(3) > 4. So there remains 38, 316, 332 to examine. I find
38 =(3%)2=172=289=-31 =33 #1and 36 = (3%)?2 =332 = 1089 = 1, so 16
is the least positive integer s with 3° = 1, so o(3) = 16.
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Problem: (12.8) Show that Z,, is not cyclic if p and q are distinct positive odd
prime numbers. [Hint: what is p(pq) and what is a®®~1(a=1)/2 congruent to
(mod pq) if a is an integer relatively prime to pq? |

Let’s start with ¢(pq). It is the number of integers among

1,2,3,...p9 (a)

that are relatively prime to pq. Among them,

D,2p,3p,...,pq

are not relatively prime to p and

q,2q,3q,...,pq

are not relatively prime to ¢q. There are ¢ numbers in the first list, p numbers

in the second one, and only one number, namely pg, is common to both lists.

Therefore the number of integers in (a) that are not relatively prime to pq is

q +p — 1, and the number of integers in (a) that are relatively prime to pq is

pq—(g+p—1)=pg—p—q+1=(p—1)(g—1). Thus p(pg) = (p—1)(g — 1)
If a is relatively prime to pg, then a is relatively prime to p and to g, so

a?~l =1, (ap—l)(q—l)/2 = 1(e-1/2 aP~Da—1)/2 =1 (mod p),
al™t =1, (a9~ H)P=1)/2 = 1(p=1)/2 aP~VE@=N/2 =1 (mod q).

As both p and ¢ divide a(P~1(@=1)/2 _ 1 and as p and q are relatively prime, we
get pq | a®~D(@=1/2 _ 1 Thus aP~D(@=1/2 = 1 (mod pq).

We see that aP=D(@=1)/2 = T for every a € Ly, 0 the order o(a) of every
element a of Z, is a divisor of, and smaller than or equal to, %(p— 1)(¢g—1). Thus

a)| < 5(p—1D)(g—1) < (p—1)(g—1) = olpq) = |Z},|.
(a) <7

pg’

(a) # Zyp,

= X = X
for every @ in Ly, Thus no a € Z;, can generate Z
cyclic.

X

«
g consequently qu 18 not

Problem: (13.6) A halfturn op = o(,3) about a point P = (a,b) is defined as the
mapping given by

(z,y) — (2a — x,2b — y) for all points (z,y) € E.

Show that any halfturn is an isometry of order 2. Prove that the product of three
halfturns is a halfturn.

If (z,y)op = (u,v)op, then (2a—x,2b—y) = (2a—u,2b—v), s0 2a —x = 2a—u
and 2b—y =2b—wv,s0 x =wu and y = v, so (z,y) = (u,v). Thus op is one-to-one.
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For any (z,y) € E, there is (2a —z,2b—y) in E such that (2a —z,2b—y)op =
(2a — (2a — ), 2b — (2b — y)) = (z,y), so op is onto E.

I see that op is a bijection. What is its order? Is it of order 27 Since
(IE,y)UPO'p = (20’ - T, 20 — y)UP = (2@ - (2@ - (E),Qb - (2b - y)) = (x7y) for
all (x,y) € E, we have (0p)? = opop = idg, whereas op # idg, so o(op) = 2.

Well, what did I do? I repeated much of the argument establishing surjectivity
of op. Actually, the equation cpop = idg shows that op has an inverse function,
so it is a bijection. If I had thought of it before, I would have saved myself the first
two paragraphs of this solution. I'd better think a bit before starting answering a
problem.

Let me see if it is an isometry. Well, for all (z,y), (u,v) € E,

d((z,y)op, (u,v)op) = d((2a —x,2b—vy),(2a —u,2b —v))
= /[(2a — u) 2a—x)]2—|—[(2b—v)—(2b—y)]2
= \/ (u—x)? —y)? =d((z,y), (v, v)),

so op is an isometry.
Finally, let’s examine the product of three halfturns o, ), 0(c,q) and o, y)-
For any (x,y) € E, there holds

(@, 9)(0(@,6) T (e T (e.£) = (T 4)0(a,6)) (O (c,a) T (e, 1))

= (20 — ,2b — Y)(0(c,a) O (e, 5))

= ((2a — 2,2b — Y)0(c.0) )T (e, )

= (2¢— (2a —x),2d — (2b— 9))o(e.p)

= (@ +2c — 2a,y + 2d — 2b)o(c, )
= (2 — (2 + 2c — 2a),2f — (y +2d — 2b))
=2a—c+e)—z,20b—d+ f)—vy)
= (

T,Y)0 (a—cteb—dtf)s
SO 0(a,b)0(c,d)0 (e, f) is the halfturn O(a—cteb—d+f)-

Problem: (15.6) Construct multiplication tables of S1, Sa, S3.

The table of S; and S5 are given below, that of S5 is given in the book, and
appears also later in this solution key.

= ~ T id | (12)
— . S id | id | (12)
< 12 12| id

Problem: (15.5, 15.7) Write all elements of S, S4. Find the orders of all elements
in 53, S4.

The order of a cycle is its length, the order of a product of disjoint cycles is
the least common multiple of the orders (lengths) of the factors. Let’s proceed
systematically. We can start with id. Then we can consider cycles of length 2, 3, 4,
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then products of a cycle of length 2 by a cycle of length 2, then products of a cycle
of length 2 by a cycle of length 3, then products of a cycle of length 2 by a cycle
of length 4, ..., then products of a cycle of length 3 by a cycle of length 3, then
products of a cycle of length 3 by a cycle of length 4, ... and so on.

el’ts of Sy orders

id 1
(12) 2
(13) 2 el'ts of Sy  orders
(14) 2 (1234) 4
elemeril‘(cis of S3 ordlers (23) 9 (1243) 4
12) ) (24) 2 (1324) 4
(3) ) (34) 2 (1342) 4
(23) ) (123) 3 (1423) 4
(29 ; (132) 3 (1432) 4
(132) 3 (124) 3 (12)(34) [2,2]=2
(142) 3 (13)(24) [2,2] =2
(134) 3 (14)(23) [2,2]=2
(143) 3
(234) 3
(243) 3
I can write down the elements of S5 just as systematically, too.
Problem: (15.15) Show that, for any o € S,, (n > 3), there holds 0~ 1(123)0 =
(abc) with suitable a, b, c. How are a, b, ¢ related to o7
1 2 3 4 ... n
We have o = <10 200 30 4o ... na) and
o 1(123)0
_(lo 20 30 40 ... mo\ (1 2 3 4 ... n 12 3 4
~\1 2 3 4 ... n 2 3 1 4 ... n)\lo 20 30 4o
lo 20 30 40 ... no
- (20 30 lo 40 ... na) = (1020 30) = (abe),

where a := 1o, b := 20 and c := 30.

Problem: (16.6) Construct multiplication tables of Ay, As, Ay.

: id (123) | (132)
-~ Tid id id | (123) | (132)
id | id (123) | (123) | (132) id

(132) | (132) | id | (123)
As the table of A4 does not fit in this page, it is given as a separate document.

Problem: (17.3) Write down the multiplication table of GL(2,7Z2). Compare it
(eventually after reordering the rows and columns) with the multiplication table

Ong.
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. 1 0 0 1 1 1 0 1
Onputtmggl—(O 1>,92—<1 0),93—<1 0),g4—(1 0>,g5—

(é i)a g6 = (1 (1)>, we find the multiplication table of GL(2,Z2) below. It is

almost the same table as that of S5, where we put hl = id, h2 = (123), h3 = (132),
hd = (12), h5 = (13), h6 = (23).

AT TN x*y 93 X *y

hl hS h6é

h1 h1 h5 h6é

hi hé h5

h1 hS hé

h5 hé h1

h5 h5 hé hl

hé h6 h5 h1

Figure 1: Tables of GL(2,Z3) and S3

a b
b a
addition and multiplication. Prove that H \ {0} is a group under multiplication.

For any (—ab 2), (_Cd CZ) € H, we have

a b c dy _(a+c b+d _ a-+tec b+d
(—b a)+<—d E>_(—b—d a+€>_(—(b+d) a—{—c)EH

a b c d\ _ [ ac—bd aci_—kgé B ac—bd  ad+ bc cH

-b a)\-d ¢) \-bc—ad —bd+ac) \—(ad+bc) ac—bd ’
so H is closed under addition and multiplication.

In order to prove that H \ {0} is a group under multiplication, we must show,

among other things, that matrices in H \ {0} are invertible, so we must verify
that their determinants are different from 0. If A € H and detA = 0, say if

ta,be (C}. Prove that H is closed under

Q

Problem: (17.14) Let H := {(

A = _ab 2 , then 0 = det A = aa + bb = la|? + |b|? yields @ = 0, b = 0 and
. 0 0\ (0 0 _ |
this forces A = 0 0)/=\o o)~ 0 € H. We see that 0 is the only matrix

in H of determinant 0. So H \ {0} C GL(2,C). Consequently, we can apply our
subgroup criterion and check whether H \ {0} is a subgroup of GL(2, C).

(i) Let A, B € H\{0}. Then AB € H by the closure of H under multiplication.
Also det A # 0, det B # 0 and det AB = (det A)(det B) # 0. Since 0 is the only
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matrix in H of determinant 0, from AB € H and det AB # 0 we get AB # 0. So
AB € H\ {0} and H \ {0} is closed under multiplication.

(ii) Let A = (_“b 2) € H\ {0}. Then det A = |a]?> + |b]> € R\ {0}. We put

d:=1/det A € R. Since d € R, we have d = d and

- —1 _ _ _
1 (a b _(da —db\ _ (da —db\ _ da —db
A= (—b a) = (db da )=\ da )= \(car) @)™
Of course A™! is invertible, so A™! #£ 0, so A~! € H \ {0}. Therefore H \ {0} is

closed under forming inverses.
Hence H \ {0} is a subgroup of GL(2,C).

Problem: (18.2) Let H < G. Prove that H < G if and only if Ha C aH for all
acG.

If H<4G, then Ha = aH for all a € G, in particular Ha C aH for all a € G.

Conversely, suppose that, for all a« € G, we have Ha C aH. Fix any a € G.
We have Ha=! C a='H, so for any h € H, there holds h='a=!' € Ha= ' Ca 'H
and there is an b’ € H with (ah)™! = h™la™! = a7*h/. Taking inverses, we find
ah = h'~'a € Ha. Since ah € Ha for all h € H, we get aH C Ha. The reverse
inclusion holds by hypothesis, so aH = Ha. This holds for every a € G, so H <G.

Problem: (18.3) Prove that, if H < G and a € G and if Ha is a left coset of H
in G, then Ha = aH

In any case, since a = la € Ha, we know that Ha is a subset of G that
contains a. There is a unique left coset of H in G that contains a, namely aH, for
distinct left cosets are disjoint. Therefore, if Ha happens to be a left coset of H
in G, then it must be equal to the unique left coset a H of H in G that a belongs to.

Problem: (18.6) Determine whether the following are normal subgroups in the
groups indicated.

A:={g € GL(2,R) : det g > 5} in GL(2,R)
B :={g € GL(2,R) : det g > 0} in GL(2,R)
C:={g € GL(2,R) : det g > 0} in GL(2,R)
D :={g € GL(2,C) : detg = 1} in GL(2,C)
E:={g€ GL(2,C) : (detg)'® =1} in GL(2,C)
F:={g€ GL(2,Zq1) : detg € {1,3,4,5,9}} in GL(2,Z11)

We have g := (g (1)) € Asincedetg=8>5 but g~ = (1(/)8 (1)> ¢ A since
det(g71) = del—tg =1/8 < 5. So A is not closed under the forming of inverses and
A is not a subgroup of GL(2,R). All the more so, A is not a normal subgroup
of GL(2,R).

We have B = {g € Maty(R) : detg # 0 and detg > 0} = {g € Maty(R) :
detg > 0} = {g € GL(2,R) : det g > 0} = C, so it is enough to examine C.
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If g h € C, then detg > 0 and deth > 0. But then gh and g~! are ma-
trices in GL(2,R) with det gh = (detg)(deth) > 0 and detg~! = (detg)™! >
0. Therefore C is closed under multiplication and under forming inverses, so
C < GL(2,R). Besides, for any z € GL(2,R) and for any g € C, we have
det(x~tgz) = (detx) !(detg)(detz) = (detz) !(detz)(detg) = detg > 0, so
r71gz € C. Thus C < GL(2,R).

We know that D = SL(2,R) < GL(2,R) from Example 18.5(j)

If g, h € E, then (detg)'® = 1 and (det h)!® = 1. But then gh and g~! are
matrices in GL(2,C) with (det gh)'® = [(det g)(det h)]*® = (detg)'®(det h)'® =
1-1=1and (detg=1)!® = [(detg)!]*® = (detg)™® = [(detg)'®]7! =171 =
1. Therefore F is closed under multiplication and under forming inverses, so
E < GL(2,C). Besides, for any z € GL(2,C) and for any g € E, we have
[det(z~tgx)]*® = [(det x)~1(det g)(det x)]*® = (det g)!® = 1, so x~gz € E. Thus
E < GL(2,C).

Put T :={1,3,4,5,9} C Z7. The multiplication table

of o] kx| wo| =
O 1| x| W =] =
ol x| | ol w| w
w| ol ot =[] e
—| ol of x| o] e
=] ol o] o] o

shows that T is closed under multiplication. Since T' is a finite subset of the
group Z14, it is a subgroup of Z;. If g, h € F, then detg € T and det h € T. But
then gh and ¢~ are matrices in GL(2,Z11) with det gh = (det g)(det h) € T and
detg=! = (detg)~! € T. Therefore F is closed under multiplication and under
forming inverses, so F' < GL(2,Z1;1). Besides, for any = € GL(2,Z1;) and for any
g € F, we have det(z71gx) = (det z) ~!(det g)(det z) = (det ) ~!(det z)(det g) =
detg € T, so x~'gx € F. Thus F <A GL(2,Z,).

Problem: (19.3) Let A, B, C be subgroups of a group G, with A < C. Prove that
A(BNC)=ABnC.

Does the instructor believe that we take no look at his book? This is Lemma
27.12 on page 294.

Problem: (20.1) Show that the mapping x +— e® is an isomorphism from (R, +)
onto (R>9, ")

The exponential function exp : R — R>? has the inverse log : R”? — R, so

it is one-to-one and onto. It is also a homomorphism, because exp(a+b) = e*T? =

e%e’ = exp(a) exp(b) for all a, b € R. So exp is an isomorphism.

Problem: (20.3) Find an isomorphism from (Q\{0}, -) onto the group (Q\ {1}, ),
where axb=ab—a—b+2 foralla, b e Q\ {1}.

Consider the maps ¢ : Q\ {0} — Q\ {1} and ¢ : Q\ {1} — Q\ {0} defined
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by ap=a+1forallaceQ,a#0and zp =x —1forallx € Q, z # 1. As

app=(a+1)p=(a+1)—1=a for all a € Q\ {0},
po=(x—lp=(@x—-1)+1==z for all z € Q\ {1},

we have ¢y = idg\ (0} and Y = idg\f1}- So ¢ has an inverse function and ¢ is
bijective. Since ap*bp = (a+1)*x(b+1) =(a+1)(b+1)—(a+1)—(b+1)+2 =
ab—a—b+1—a—1—-b—14+2=ab+ 1= (ab)p for any a, b € Q\ {0}, we see
that ¢ is a homomorphism. Thus ¢ is an isomorphism from Q \ {0} onto Q \ {1}.

Problem: (20.4) Find an isomorphism from (Z,+) onto the group (Z,*), where
axb=a+b+2 foralla, beZ.

Consider the maps ¢ : Z — Z and ¢ : Z — 7Z defined by ap = a — 2 for all
a€Zand xtp =x+ 2 forall x € Z. As

apy = (a —2)y
o = (x4 2)p

(a—2)+2=a for all a € Z,
(x+2)—2==z for all z € Z,

we have ¢ = idz and ¢ = idz. So ¢ has an inverse function and ¢ is bijective.
Since (a+b)p=(a+b)—2=(a—2)+(b—-2)+2=(a—2)*x(b—2) =ap*bp
for any a, b € Z, we see that ¢ is a homomorphism. Thus ¢ is an isomorphism
from (Z,+) onto (Z, *).

Problem: (20.12) Let n € N and let X be a set of n elements. Prove that Sx = S,,.

We put Y := {1,2,...,n}. By definition, S,, = Sy. By hypothesis, there is a
bijection i : X — Y. We know that u has an inverse p=!:Y — X.

For any ¢ € Sx, the composition ;= 1pu is a bijection from Y onto Y, because
inverses and compositions of bijective functions are bijective. Similarly, for any
o € Sy, the map pop~! is a bijection from X onto X. Hence there are functions

T:Sx — Sy, T =pu‘tou and U:Sy — Sx, oU=pout

Xx—*% .x X X
pt 1 T t
Y Y Y < Y
g
©T" and cU

As TU = (= top)U = p(p=top)u=t = pforallp € Sy and oUT = (puopu=1)T =
pt(pop™)u = o for all o € Sy, we have TU = idg, and UT = idg,. Thus ¢
is invertible and ¢ is a bijection. Also, ¢ is a homomorphism, because ()T =
p= o) = p~top - ptpp = TYT for all ¢, ¢ in Sx. Thus T : Sx — Sy is
an isomorphism and Sx & Sy = 5,,.

11



Problem: (20.13) Prove that (R\ {0})/R>° = Cs.

The signum function sgn : R\ {0} — {1, —1} is a homomorphism from the
group R\ {0} (under ordinary multiplication) into the cyclic group {1, —1} (under
ordinary multiplication) of order 2, as we have seen in Example 20.2(e). Since
Kersgn = {x € R\ {0} : sgn(x) =1} ={z € R: x > 0} and Imsgn = {1, -1} =
(5, the formula

(R\ {0})/Kersgn = Imsgn

yields
(R\ {0})/R® = (5.

Problem: (21.1) Let A< C < G and B < G. Prove that AN B JIC N B and
(CNB)/(ANB) = A(CN B)/A.

This is Lemma 27.13 on page 295.

Problem: (21.2) Let A< C < G and B < G and let ¢ : G — H be a group ho-
momorphism. Prove that Ao ICy. Choosing ¢ to be the natural homomorphism
v:G — G/B, prove that AB 4G.

By Theorem 20.6, we know that Ap = Im (¢|4) and Cp = Im (¢|c) are sub-
groups of H. Since A < C, we have a € C' and ap € Cp for any a € A, therefore
Ap C Cp. We obtain Ap < Co.

Now let’s prove that Ap < Cp. Take any z € Ap and any y € Cp. There
are a € A with * = ap and ¢ € C with y = cp, so y~lzy = (cp) " ap)(cp) =
(ctac)p. But A<LC, soc tace Aand y~lzy = (c tac)p € Ap. Asy~toy € Ap
for all x € Ay and for all y € C¢, we infer that Ap I Cp.

Let’s take ¢ to be the natural homomorphism v : G — G/B. We have

Av={av € G/B :a € A}
={Bae G/B:ac A}
={Bba € G/B:ac A bc B}
={Bx € G/B:x € BA}
={Bxre€G/B:x € AB} [because B 9 G (see Lemma 19.4(2))]
— AB/B

and similarly Cv = CB/B. From Av < Cv, we get AB/B < CB/B, and by
Theorem 21.2, we get AB JCB.

Problem: (22.2) Show that C,,,, is not isomorphic to C,, x Cy, if (m,n) # 1.

Let I = [m,n]| be the least common multiple of m and n. For any (a,b)
in C,, x Cp,, we have a € Cy,, a™ =1 € C,, and a' = 1. Similarly b =1 € C,,. So
(a,b)! = (a', b)) = (1¢,,,1¢0,) = 1, xc, and o(a,b) | I. In particular, o(a,b) < I
for all (a,b) € Cy, x Ch,.

Suppose C,,,, is isomorphic to C,, x C,. Then C,, x C,, is a cyclic group of
order mn and there is a generator (ag, bg) of Cy, x C), having order o(ag, by) =
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|C xC | = mn. By what we have found above, we get mn = o(ag, b)) <1 = %,
so (m,n) < 1, so (m,n) = 1. Therefore, if C,,,, is isomorphic to C,, x C,,, then

(m,n) = 1. Equivalently, if (m,n) # 1, then C,,,, is not isomorphic to C,,, x C,,.

Problem: (22.3) Find three nonisomorphic abelian groups of order 8 and two
nonisomorphic abelian groups of order 12.

Cs, Cy x Cy, Oy x Cy x (5 are three abelian groups of order 8. In Cg, there
is an element of order 8, whereas there is no element of order 8 in C'y x (s, nor
in Cy x Cy x Oy, so Cg 22 Cy x Cy and Cg 2 Cy x Cy x Cy. Similarly, there is an
element of order 4 in Cy x Cy, whereas every element of Cy x Cy x Cy has order 1
or 2, so Cy x Cy 22 Cy x Cy x Cy. Hence Cg, Cy x Cy, Cy x Cy x Cy are three
nonisomorphic groups of order 8.

C12 and Cg x (5 are two abelian groups of order 12. In (9, there is an element
of order 12, whereas there is no element of order 12 in Cg x Cs, so C15 2 Cg x Cs.
Hence C5 and Cg x C5 are two nonisomorphic groups of order 12.

Problem: (22.6) Let H, K be normal subgroups of G. Find a one-to-one homo-
morphism from G/(H N K) into G/H x G/K.

Let’s denote by g the coset of H in G determined by g, and by g the coset of K
in G determined by g. Thus g = Hg € G/H and g = Kg € G/K. Consider the

function ¢ : G — G/H x G/K that maps g to (§,g). Since (ab)p = (ab, ab) =
(ab,ab) = (@,a)(b,b) = ap-by for all a, b € G, this function ¢ is a homomorphism.
Its kernel is

Kerop={geG:9p=1€G/H x G/K}
={9€G: (9.9 =11}
={geG:g=1,g=1}

={geG:Hg=H,Kg=K}
={g9eG:9g€eH,ge K}
=HNK.

According to the fundamental theorem on homomorphisms (Theorem 20.15), the
function ¥ : G/(HN K) — G/H x G/K given by (HN K)g — g¢ = (9,9) =
(Hg, Kg) is a one-to-one homomorphism.

G/(HNK)

v Y

G

G/H x G/K

Alternatively, we could verify that
v:G/(HNK)— G/HxG/K, (HNK)g— (Hg,Kg)

is well-defined, one-to-one and is a homomorphism.
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Problem: (22.7) Let ¢; : G; — H; be group homomorphisms (i = 1, 2). Define

Y : Gy x Gy — Hy x Ho, (91, 92) = (9101, g202)-

Show that 1) is a homomorphism and Ker ¢ = Ker 1 x Ker ¢ and Im ¢ = Im ¢ x
Im s.

For any (a,b), (¢,d) € G1 x G2, there holds

[(a,b)(c, d)]Y = (ac, bd)y = ((ac)p1, (bd)p2)
= (a1 - cp1, bps - dp2) = (apr, bps)(cpr, dps)
= (a,b)y - (¢, d)1p,

so 1 is a homomorphism.
The kernel of 1) is

):(a,b)y =1€ Hy x Ha}
) (a1, bp2) = (Lay, 1)}
):rapy =1y, bps =1g,}
a,b) :a € Kerpy,b € Ker o}
= Ker ¢p; x Ker ¢s.

The image of 1 is

Imw = {(a,b)w € Hy x Hy : (CL, b) S Gl X GQ}

= {(ap1,bp2) € Hy X Hy :a € G1,b € G3}

={(z,y) € Hy X Hy : x = ap; for some a € Gy, y = bpy for some b € Go}

={(z,y) € Hi x Hy: x € Im 1,y € Im ¢y}

=Imp; x Ims.
Problem: (29.2) Let (R, +,-) be a ring. On the group (R, +), we define an oper-
ation o by declaring a o b = ba for all a, b € R. Show that (R, +,0) is a ring.
All we have to do is to show that R is closed under o, that o is associative and

distributive over addition. For any a, b, c € R, we have

aob=ba € R,
(aob)oc=(ba)oc=c(ba)=(cb)a=ao(ch) =ao(boc),
ao(b+c)=(b+cla=ba+ca=aob+aoc,
(b+c)oca=alb+c)=ab+ac=boa+coa,

so R is indeed a ring with respect to 4+ and o.

Problem: (29.3) On the group 7 @ Z, we define a multiplication by (a,b)(c,d) =
(ac,b) for all (a,b), (¢,d) € Z @ 7Z. Does Z & Z become a ring with this multipli-
cation?
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Since (0,1)[(0,0) + (0,0)] = (0,1)(0,0) = (0,1) # (0,2) = (0,1) + (0,1) =
(0,1)(0,0) +(0,1)(0,0), the equation (a,b)[(c, d) + (e, f)] = (a,b)(c, d) +(a, )(e, [)
is not true for all (a,b), (c,d), (e, f) in Z @ Z. Therefore, Z & Z is not a ring with
respect to the usual addition and this multiplication.

Problem: (29.7) Let R be a ring without identity, and let S = R @& Z. On the
commutative group S, we define a multiplication by (r,a)(r’,b) = (rr’4+ar’+br, ab)
for all (r,a), (r',b) € S. Prove that S is a ring with identity.

First of all, we have to show that S is closed under multiplication and that the
multiplication on S' is associative and distributive over addition.

(i) Since R is a group under +, for any n € Z and for any r € R, we have
nr € R. Consequently, if r, 7’ € R and a, b € Z, then rr’, ar’, br and rr’ 4+ ar’ + br
belong to R, and ab belongs to Z. So

(rya)(r',b) = (rr’ +ar’ +br,ab) e RxZ =S for all (r,a), (r',b) € S

and S is closed under multiplication.
(ii) For all (r,a), (r',b), (r",c) € S, we have

[(r,a)(r",D)](r", c) = (rr" + ar’ + br, ab)( " c)
(rr’ + ar’ + bT) + (ab)r” + c(rr’ + ar’ + br), (ab)c)

(
(
= (rr'r" +ar'v" + brr” + (ab)r” + err’ + car’ + cbr, abe)
(r
= (
= (

<

(r'r" +br" + ') + a(r'r" + or" + ') + (be)r, a(be))
r,a)(r'r” +br" 4 cr' be)
ra)[(r’,0)(r", o)),

so the multiplication on S is associative.
(iii) For all (r,a), (r',b), (r",c) € S, we have

(r,a)[(r",b) + (r", c)]

r,a)(r' +1r",b+c)

r(r' + ' )—i—a(r'—I—r”) +(b+c)r,a(b+c))
rr’ +rr’” +ar’ + ar” + br + cr, ab + ac)
(rr’ +ar’ +br) + (rr” + ar” + cr),ab + ac)
rr’ + ar’ + br,ab) + (rr” + ar’” + cr, ac)

r,a)(r',b) + (r,a)(r", c)

(
= (
= (
(
= (
= (

and

b+ o) (r a)

(r'+r"Mr+ (b +c)r +alr’ + 7"”), (b+ c)a)
r'r +7r"r +br +cr + ar’ + ar”,ba + ca)
(r'r+or+ar’)+ (r"r+cr+ar”),ba + ca)
r'r 4+ br +ar’,ba) + (r"'r + cr + ar”, ca)

', b)(r,a) + (r", c)(r, a),

[(r,0) + (", )](r, a) =

(
(
= (
(
= (
= (
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so the multiplication on S is distributive over addition in S.
This shows that S is a ring. Does it have a (two-sided) identity? From

(r,a)(0,1) = (r0 4+ a0 + 1r,al) = (r,a) for all (r,a) € S,
(0,1)(r,a) = (Or 4+ 1r + a0, 1la) = (r,a) for all (r,a) € S,

we see that (0,1) is an identity in S. Thus S is a ring with identity.

Problem: (30.1) Let R be a ring. The center of R is defined to be the set Z(R) =
{z € R:za=az for alla € R}. Is Z(R) a subring or an ideal of R?

First we apply the subring criterion in order to find out whether Z(R) is a
subring of R. Since 0a = 0 = a0 for all a € R, we have 0 € Z(R) and Z(R) # @.

(i) If z, w € Z(R), then za = az and ua = au for all a € R, so (z 4+ u)a =
za+ua = az+au = a(z 4+ u) for all a € R, so z +u € Z(R), so Z(R) is closed
under addition.

(ii) If z € Z(R), then za = az foralla € R, so (—z)a = —(za) = —(az) = a(—=2)
for all a € R, so —z € Z(R), so Z(R) is closed under forming opposites.

(iii) If z, u € Z(R), then za = az and ua = au for all a € R, so (zu)a =
z(ua) = z(au) = (za)u = (az)u = a(zu) for all @ € R, so zu € Z(R), so Z(R) is
closed under multiplication.

Thus Z(R) is a subring of R.

Let’s find Z(Mato(Z)). If A = (; Z) € Z(Mats(Z)), then

o) o= )6 o)
6= o)

y=0,2=0

and A is a diagonal matrix (g 2) Moreover,

(o) w626 o
()= 0)

u==z

and A is a scalar matrix (8 (z)) Therefore Z(Mato(Z)) is a subset of the set

N

0
then

0

o= )= 8= 06E Y
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for all (CCL Z) € Maty(Z < ) Z(Mato(Z)).
0

We found Z(Maty(Z)) = { g ) z€ Z} Since (g g) € Z(Maty(Z)),
11

2 0 1 1 2 2
(2 3> € Mats(Z) and (0 2) (2 3> = (4 6) ¢ Z(Matq(Z)), we see that
Z(Maty(Z)) is not an ideal of Maty(Z).
Thus Z(R) is not necessarily an ideal of R.

Problem: (30.6) Show that if K is a field, then {0} and K are the only ideals
of K.

Take any ideal of K different from {0} and call it A. Since A # {0}, there is
an a € A with a # 0, and since a # 0, there is an inverse a~! of a in K. As A has
the absorbing property, and a=! € K and a € A, we have 1 = a~'a € A. For any
ke K, we get then k = k1 € A, so K C A, so A = K. Therefore K is the only
ideal of K distinct from {0}.

Problem: (30.7) Let D be a division ring. Find all ideals of Matq(D).

Let A be an ideal of Mats (D

not all 0 € D such that ((cj; Z

~—

different from {0}. Then there exist a, b, ¢, d € D,
€ A. Then we get

6 o)=( )G 0)=00)( o) )en
(0 0)=( o) Y=o (a6 1)en
Co)=( a6 o= )6 o)en
0 a)=C 6010 e

0 0)=( o) (1 o)en
(0 0)=(0 3 (0 o) e
GO-(CaCy-C06 N0

x 0

It follows that there is an = € {a,b,c,d} with x # 0 and (0 0

> € A. Since
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z € D\ {0} = D*, there is an z! € D satisfying zz~! = 1. We obtain
1 0 x 0\ (z71 0
(0 o):(o 0)(0 O)GA’
0 0 _ (0 1\ (1 0\(0 1)_,
0 1) \1 0/\0 O 1 0 ’

1 0 1 0 0 0
(0 1)_(0 o)+(o 1)€A
and consequently

P q (p g\ (p q\ (1 O
for all (7‘ s)eMat2(D)'(r s)_<r $> <0 1)€A

and Maty (D) C A, so A = Mata(D). This shows that {0} and Mats(D) are the
only ideals of Mats(D).

Problem: (30.13) An element a in a ring R is said to be nilpotent if there is an
m € N such that a™ = 0. Prove that, if a and b are nilpotent elements in a ring
and if ab = ba, then a + b is nilpotent.

By hypothesis, there are m, n € N with a” = 0 and b = 0. Since ab = ba, the
usual binomial formula holds for the powers of a + b. In particular,

m-+n

i =i (7

)aernlb RS bm+n

is a sum of terms of the form integer-a™+"~*b* with 0 < k < m+n. For all such k&,
we have m +n — k > m or k > n, so we have amtn=k = gmgn=k = 0g"F =0 or
bk = b= = 0bF " = 0, so a™ T ~*b* = 0 for all k. Each term on the right side
of the binomial formula is 0 and (a + b)™"™ = 0. Thus a + b is nilpotent, too.

Problem: (30.14) Let R be a commutative ring. Show that the set N of nilpotent
elements in R is an ideal of R and that the factor ring R/N has no nilpotent
elements other than 0.

Let’s use the ideal criterion.

(i) Let a, b € N. Since ab = ba, the previous problem yields that a + b € N.
So N is closed under addition.

(ii) If @ € N, there is an m € N for which ™ = 0. We have (—a)™ =a"™ =0
or (—a)™ = —a™ = —0 = 0 according as m is even or odd. In any case, (—a)" =0
and —a € N. So N is closed under the forming of opposites.

(iii) If @ € N, there is an m € N for which a™ = 0, and for any r € R, we
have (ar)™ = a™r"™ by the commutativity of multiplication. So (ar)™ = a™r™ =
0r"™ =0 for all r € R and ra = ar € N. So N has the absorbing property, too.

Thus N is an ideal of R.

Suppose that the coset r + N € R/N is a nilpotent element of R/N. Then
(r+N)™ =0+ N for some m € N. But (r+ N)" =r"+N,sor™+ N =0+ N
and r™ € N. Therefore there is an n € N with (™)™ = 0. This yields r™" = 0,
sor € N,sor+ N =0+ N. Thus any nilpotent element of R/N is equal to the
zero element of R/N.
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Problem: (30.15) Find rings R, S with identites 1, 1g respectively, and a ring
homomorphism ¢ : R — S such that (1g)p # 1s.

We know that Z is a ring with identity 1, and Maty(Z) is a ring with iden-

tity ((1) ?) The mapping ¢ : Z — Mats(Z), a — (g 8) is a ring homomor-

phism, because
a+b 0 a 0 b 0
(“H)“":( 0 0):(0 0)+(0 0):“9"+b‘p
ab 0 a 0\ (b O
(“b)“’_<o 0)‘(0 0) (0 0)_“‘P'b‘p

for all a, b € Z. In this case, we have 1o = ((1) 8) # ((1) (1))

Problem: (30.16) If R, S are rings with identites 1, 1g respectively, and if ¢ :
R — S is a ring homomorphism onto S, prove that (1g)p = 1g.

For any s € S, there is an r € R with rp = s, and there holds

lo-ro=(1r)p=rp=(rl)p =rp-ly,
lp-s=s5=s"-1¢p,

00so ly is a two-sided identity of R. Since an identity of a ring, if it exists, is
uniquely determined, and since 1g is the identity of .S, we get 1p = 1g.

Problem: (31.1) Let Dy :={a+bi € C:a,b € Z}, Dy :={a+2bi € C:a,be Z},
E:={a+by2+c/4€C:a,bccZ}. Show that Dy, Dy, E are integral domains
and describe, as simply as you can, the elements in the field of fractions of these
integral domains.

Partial solution
We define Q(i) :={p+qi € C:p,q € Q}.
Let F} be the field of fractions of D;. Any element of F; has the form

a+bi a+bi c—di (ac+bd)+ (—ad+bc)i ac+bd —ad+ be

= . — — E .
c+di c+di c—di 2 + d? 02+d2+ 2raq2 " Q(7)

where a, b, ¢, d € Z and ¢, d are not both 0. This proves F; C Q(i). On the other
hand, any element of Q(i) has the form

Ei— ad + bci
d  bd+0i

. a
pai=g+

with a, b, ¢,d € Z, so ad, be, bd € 7 and p+qi € Fy. This proves Q(i) C F;. Hence
Fy, = Q(i) and every element of F; has the form p + gi where p, ¢ € Q.

An analogous argument shows that the field of fractions of D is also Q(7). As
for F/, you compute

19



a+bV2+cV/d  a+bV2+cVd e+t V2w +gVAw? e+ fV2w? + gVAw
et fV2+gVE et fV2+gVE e+t fV2w+gVA? e+ FV2W2 + gVw
_ (@t bV2+ VA (( — 2fg) + (20° — eg) V2 + (f* — eg) V)

e? +2f3 +4g° —6efg

and conclude that the field of fractions F of E is contained in Q(+/2) := {p +
qV2+7rV4ER:p q,r € Q}. Tt is easier to show that Q(3/2) C Fg. Hence every
element of Fi has the form p + ¢¥/2 4+ r+/4, where p, ¢, r € Q.

Problem: Let D be an integral domain, a and b elements of D. Suppose that there
are two relatively prime positive integers m, n such that a™ = b™ and a™ = b".
Show that a = b.

If a = 0, then ™ = a™ = 0™ = 0 and since D contains no zero divisors, we
get b =0. Thus b = 0 = a in this case.

Suppose now a # 0. Since m and n are relatively prime, there are positive
integers x, y such that mxz — ny = 1. Then

aa™ = o't = ™" = (™) = (b")* = p"*

= bt = p(b")Y = b(a™)¥ = ba™¥

and (a — b)a™ = 0. Since D has no zero divisors and since a # 0, consequently
a™ # 0, we get a —b = 0. Thus b = a in this case, too.

Problem: (31.3) Prove that, if D is a division ring, then Z (D) is a field.

From Problem 31.1, we know that Z(D) is a subring of D. In order to show
that it is a field, we must show that it is commutative, has an identity, and that
its nonzero elements have inverses in it.

(i) For any z € Z(D) and for any u € D, we have zu = uz. Therefore we have
zu=uz for all z€ D, u e Z(D). Thus Z(D) is commutative.

(i) We know that D has an identity 1p and 1pz = zlp for all z € D, in
particular for all z € Z(D). So 1p € D and 1pz = z1p for all z € Z(D). Thus
Z(D) is a ring with identity.

(iii) Any nonzero z € Z(D) C D has an inverse z~! € D, because D is a
division ring. Moreover, the equation zu = uz (for all u € D) implies 27 lu =
27 uzz™t = 27 2uz7t = uz™! (for all w € D), hence 27! € Z(D). Therefore
every nonzero element of Z(D) has an inverse in Z(D).

Hence Z(D) is a field.

Problem: (30.11) Let R be a ring. An ideal P of R is said to be prime if P # R
and if, for any two ideals A, B of R, the implication

ABCP =— ACPorBCP
is valid, where AB := {}."_  a;b; : a; € A,b; € B,n € N}. Prove the following

statements.
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(i) Let P be an ideal of R, P # R. If, for any a, b € R,
abe P = a€ Porbe P,

then P is a prime ideal of R.
(ii) Let R be commutative. If P is a prime ideal of R, then for any a, b € R,

abe P — ac€ PorbeP.

(iii) If R is an integral domain, then {0} is a prime ideal of R.
(iv) Let R be a commutative ring with identity and P an ideal of R. Then P
is a prime ideal of R if and only if R/ P is an integral domain.

(i) Let A and B be ideals of R such that AB C P. We wish to show that
AC Por BCP. Incase A C P, there is nothing to prove. Assume therefore
A ¢ P and take ag € A with ag ¢ P. For every b € B, we have apb € AB C P,
and our present hypothesis yields ag € P or b € P; but “ag € P” is excluded by
the choice of ag, so b € P. This proves B C P.

For any ideals A and B of R, we see that AB C P implies A C P or B C P.
This means that P is a prime ideal of R.

(ii) Let R be commutative, P a prime ideal of R. Take any a, b € R with
ab € P. Denoting by (x) the ideal of R generated by = (Example 30.6(h)), we get
(a)(b) C (ab) C P, so (a) C P or (b) C P by primality of P, soa € P or be P.

(iii) From (i) and (ii), we learn that in a commutative ring R, in particular in
an integral domain R, an ideal P is prime if and only if ab € P forces a € P or
b € P. Since an integral domain has no zero divisor, we always have ab € {0} —
a € {0} or b € {0}, so {0} is a prime ideal of R.

(iv) Suppose R is a commutative ring with identity and P is a prime ideal of R.
By Example 30.9(c), R/P is a commutative ring with identity. Since P is prime,
P # Rand |R/P| # 1 and R/P is not the null ring. In order to prove that R/P is
an integral domain, all we have to do is show that R/P has no zero divisors. Since
abe P = ac€ Porbe P (foralla,b€ R),wehavea-b=0 = a=0o0rb=0
(foralla=a+ P € R/P and b=b+ P € R/P), so indeed R/P has no divisors.
This proves that R/P is an integral domain.

Conversely, let R be a commutative ring with identity and P an ideal of R such
that R/P is an integral domain. Then R/P is not the null ring, so |R/P| # 1 and
P # R. Also, R/P has no zero divisor, i.e., for any a, b € R, we have

(a+P)b+P)=0+P = a+P=0+Porb+P=0+P (in R/P),

or, equivalently,
abe P — a€ PorbeP;

this shows, in virtue of (i), that P is a prime ideal of R.

Problem: (32.1) Let D be an integral domain and m € D w # 0, m ¢ D*. Prove
that m is a prime element of D if and only if Dm is a prime ideal of D.
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7 is a prime element of D <= Va, b€ D,w|ab = 7w |aorm|b
< Va,be D,abe Dr — a€ Dmworbe Dr
<= D is a prime ideal of D,

the last statement being a consequence of (i) and (ii) in the previous problem
(Problem 30.11).

Problem: (32.2) Let D be a principal ideal domain and m € D, 7 # 0, m ¢ D*.
Prove that 7 is an irreducible element of D if and only if D C D and there is no
ideal A of D satisfying Dm C A C D.

7 is irreducible in D <= 7 ¢ D* and thereisnoa € D witha#% 1, a % m a |7
<= Dm # D and there is no o € D with Da # D, Da # Dn, Dn C D«
<= Dm C D and there is no o € D with Dnm C Da C D
<= Dn C D and there is no ideal A of D with Dnr C A C D,

since any ideal A of D is a principal ideal, that is to say, an ideal of the form Da«
with some suitable o € D.

Problem: (32.7) Find the decomposition into irreducible elements of 2 in Z[i] and
of 3 in Z[w].

First we show that, if a € Z[i] (or a € Z[w]) and N(«) is prime in Z, then « is
irreducible in Z[i] (or in Z[w]). Indeed, if N(«) is a prime number, then N(a) # 0
and N(«a) # 1, so a # 0 and « is not a unit in Z[i] (or in Z[w]). Besides, from any
factorization o = (v of v in Z[i] (or in Z[w]), we get N(a) = N(8y) = N(B)N(v),
and as N(«a) is a prime number, one of the positive integers N (), N(y) must
equal 1, so B or v must be a unit in Z[i] (or in Z[w]). Hence a has no nontrivial
factorization and « is irreducible in Z[i] (or in Zw]).

Now it is easy to find the decomposition of 2 and 3.

We note

2=12412=N0+i)=04+9)1—i)= (1 +i) (=)L +1i) = (=i)(1 +1)2,

where 1 + ¢ € Z[i], having the prime norm 2, is irreducible in Z[i]. Thus 2 € Z[i]
is associate to the square of an irreducible element of Z[i].
Similarly,

3=1"-1-(-)+(-1)*=N1-w) =1 -w)(1 —w?)
=(1-w) ()1l -w) =1 -w)p?

where 1 —w € Z[w], having the prime norm 3, is irreducible in Z[w]. Thus 3 € Z[w]
is associate to the square of an irreducible element of Z[w].
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Problem: (33.4) Let R be a commutative ring with identity and let a,z™ +
Ap_ 12" 14+ +ayx + ag be a zero-divisor in R[z]. Show that there is a b # 0 in
R such that ba,, = ba,—1 =+ = bay = bag = 0.

By hypothesis, there is a nonzero polynomial, say b, z™ + by,_12™ 1 + -+ +
bix + by such that
(ana™ + ap_12™ - a1x 4 ag) (D™ + bpp_12™ "+ -+ bz + by) = 0.

This polynomial equation yields

agbg =0
agby +aibp =0
apbe + a1by + azbp =0
R
aoby, + a1b,—1 + asby,—o + - -+ a,bg = 0.
On multiplying the second equation by bg, the third by b2, ..., (n+1)st equation
by bg, we find
agbg = 0
apboby + a1bt =0
aobiby + a1b3by + asby = 0
=0
aobybn + a1bib, 1 + agblb, o+ -+ anbitt =0,

from which we successively get

agbg =0
arby =0
asby =0
=0
anbg’Jr1 =0.
On setting b := bg“, we get bag = ba; = bay = --- = ba, = 0.

This is fine in case bg“ # 0. The assertion must be established differently if
bg“ = 0, but it is too long to appear as an exam question!

Problem: (34.6) Find a content of

6521 + 2622 — 9z + 143 € Z[x]
(5+4)2® + (=1 + 5i)x + (—4 + Ti) € (Z[i])[7]
(14 w)z? + (=1 + 2w)z® + (1 — 2w)z? + 32 + (2 + 3w) € (Z[w])[z]
8zt + 2423 — 320 — 48z + 56 € Q[x]
322 + 51 + 7 € Zoy]

Z]
2
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A greatest common divisor of the numbers 65 = 5-13,26 = 2-13, =9 = (—1)3-3
and 143 = 11 - 13 is 1, therefore a content of 65x* + 2622 — 92 + 143 is 1.

Since 5+ ¢ and —1 + 5i = —i(5 4 i) are associate in Z[i], a greatest common
divisor of 5414, —1+ 57 and —4 4 7: is the same thing as a greatest common divisor
of 5+ 1 and —4 + 7¢. We can use the euclidean algorithm to find it. We have

—4+T —447i5—1i —13439% 1 3

= = —_—_ 4+ 5

541 54+i 5—i 26 22

and we can choose 0 and 2 as closest integers to —1/2 and 3/2 (other choices are
possible in this particular case). So we have

—4 47 1 1
_ o 11
5 (0+ z)—f—( 5 22)

and multiplying by 5 + ¢, we get the first equation in our euclidean algorithm:
-4+ 7= (2)(5+1) + (-2 — 3i).
To find the next equation, we compute

5+ o+12—-31 13—-131
— — — —1

2+3i 2+4+3i2—-3 13

and obtain
54+i=(—1414)(—2—-3i)+0.

Therefore the euclidean algorithm consists of two equations only:

—44+7Ti = (20)(5+ 1) + (=2 — 34)
5+i=(—1+i)(-2—3i)+0

with —2 — 3 as the last nonzero remainder. Hence —2 — 3i (or 2+ 3i) is a greatest
common divisor of 5+, —4+7i and a content of (5+1)z3 +(—1+5i)x+(—4+7i) €
(Z))[e).

As 1+ w = —w? is a unit in Z[w], a greatest common divisor of the elements
14w, =142w, 1 —2w, 3, 2+ 3w of Z]w| is necessarily a unit, so a content of
1+ w)z? + (=1 4 2w)a® + (1 — 2w)2? + 3z + (2 + 3w) is 1.

The numbers 8, 24, —32, —48, 56 are all units in Q, so a content of S8z* +
2423 — 322% — 482 + 56 in Q is 1.

Since 97 is a prime number, Zg; is a field, its elements 3, 5, 7 are units and a
content of 3z2 4 bz + 7 is 1 € Zg7.
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